Section 7.3 Volumes (pp. 399-411)
Exploration 1 Volume by Cylindrical Shells
1. Its height is f(x,) = 3x, — x7.

2. Unrolling the cylinder, the circumference becomes one
dimension of a rectangle, and the height becomes the other.
The thickness Ax is the third dimension of a slab with
dimensions 27 (x, +1) by 3x, —x2 by Ax. The volume is
obtained by multiplying the dimensions together.

, 3
3. The limit is the definite integral .[0 27 (x +1)(3x — x> )dx

W
2

Exploration 2 Surface Area

b dy 2
1. j 21y 1“{5] dx

The limit will exist if fand f’ are continuous on the
interval [a, b].

2. y=sinx,soﬂ=cosx and
dx

b dy )
J 2ry 1+(—y) dx
a dx

= J:Zﬂ:sinx 1+cos? x dx ~14.424.

2
dy 1 4 1
3. y=+x, 50 Z=——and | 27vx,[1+| —= | dx~36.177.
gl ( J

2/x

Quick Review 7.3

1. x?
X 2 x2
2.§=—=,80 Area=5"="—,
2 2
3 —ﬂr2orﬂ—
2
2
4.171: é orﬂi
2 \2 8
5.b=xandh:—\/—gx,soAnea=lbh=—3x2.
2 2 4

x2

6.b=h=x,soArea=1bh=—.
2 2

2

i,soArea = —l—bh= x_‘
2 4

V2

T.b=h=
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8.
2x 2x
X
2
b=xandh= (2x2)—(1x) =£x, $0
2 2
Area:lbh=£x2.
2 4

9. This is a 3-4-5 right triangle.
b=4x, h=3x,and Area= %bh =6x2.

10. The hexagon contains six equilateral triangles with sides of

R
5,

length x, so from Exercise 5, Area = 6[7)5

Section 7.3 Exercises

1. In each case, the width of the cross section is w=2v1—x2.
w wY
(@) A=zr?, where r= > 80 A(x) = ﬂ(;) = 71:(l—x2).
(b) A=s%, where s=w, so Alx)= w? = 4(1—x2).

2
(¢) A=s%, where s= l, s0 A(x)= [l) = 2(1—x2).
V2

V2

d) A= 73 w? (see Quick Review Exercise 5), so
A(x)= ?(241— 2 =B3(1-x2).
2. In each case, the width of the cross sectionis w= 2\/;
w w 2
(a) A=7r?, where r= > ) A(x) = n(;) =X
(b) A=s?, where s= w, SO A(x): w? =4dx.
w 2
w
(¢) A=s?, where s=——, so A(x)= [-——J =2x.
V2 V2
B, o .
d) A= 7 w” (see Quick Review Exercise 5), so

A(x)= ﬁ@\/a?)z =3x.

4
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3. A cross section has width w = 2\/; and area

2
A(x)=s*= (%J =2x. The volume is

4 27t
Ji 2xdx=[x ]0 =16.
4. A cross section has widthw =(2— x2) —x*=2-2x and
2
area A(x) = r? = 717[%] =m(1- x*)%. The volume is
I 232 4 (1 4 2
[ 0=V dx=r[ (' -25" +Dax
1
=n[lx5 B +x} -1,
5 3 1
5. The cross section has width w=2y/1—x? and area

A(x)= s=w’= 41— x2). The volume is

16

1
! N noo_al L3l _
[ 40-Mydx=4f (-x )dx—4[x 3% L_ 3

6. A cross section has width w =2v1- x> and area

2
A(x)=s*= (ﬁj =2(1-x?%). The volume is

N2
1 1 1 ' 8
2 _ 2 — 23 =2
J_l 2(1-x )dx—ZJ._l (1-x )dx-2[x—3x :|_1—3.

7. The solid is a right circular cone of radius 1 and height 2.

V=1Bh=1(7zr2)h=1(n-12)-2=3n
3 3 3 3

. . . . 1
Using integration: A cross section has radius (1 -3 x)

2
and area A(x)=7z:(l—%x) . The volume is
V= j (1—-—x) de=xf (——x+1jdx

2
P 2
=x|———+x| =—7.
12 2 o 3

8. The solid is a right circular cone of radius 3 and height 2.

V=lBh=1(nr2)h=1(n.32)-2=6n
3 3 3

3
Using integration: A cross section has radius (%)

2
and area A(y)= ﬂ(%) . The volume is

=.[02 (2) :%”J;yzdy
9.
2"

. . n
9. A cross section has radius r = tan [Z y) and area

A)=nx r? =7 tan? (%y) . The volume is

4 T '
j mian? yidy=x —tan —y|-y
4 4 o
A
T
=4-7.
10. A cross section has radius r = sin x cos x and area

Alx)= 7r® = msin® xcos? x. The shaded region extends

from x = O to where sin x cos x drops back to 0, i.e., where
T . 2
x= E Now, since cos2x=2cos” x—1, we know

2 14+cos2x

cos“x= T and since cos 2x = 1 — 2sin? x, We
. 1—cos2x
know sin®x = ——— ==
2
wf2

msin® x cos® x dx

dx

J-n/2 1-cos2x 1+cos2x
0 2 2

12 12
=fj” (1—cos22x)dx=fj” sin 2x dx
490 40

(w21 —cosdx T w2
——j de—g.[o (1-cos4x)dx

[ 1 " 2l n?
=—|x——sindx | =—|{—==0|-0[=—.
g7 4 T2 16

11.

[-2,4]1by [-1, 5]
A cross section has radius » = x? and area
A(x)= 7r? = mx*. The volume is

,[ﬂ'JCdx n[l 5] 3
57,7 s

12.

-
[~4, 6] by [-1,9]

A cross section has radius = x° and area

A(x)= 7r? = x°. The volume is

2
.[nxdx n[l 7] =@.
7T



[-6, 6] by [-4, 4]

The solid is a sphere of radius » = 3. The volume is

i7z:r3 =367.

Using integration: A cross section has radius v9—x? and
2
area A(y)= n(\/9 ~-x? ) . The volume is

2
v=f37z(\/9—x2) dx=rf O-2)dx
15T
=mi9x——x" | =36m.
313

14.

[-0.5, 1.5] by [-0.5, 0.5]

The parabola crosses the line y = 0 when

x— x2=x(1 -x)=0,i.e.,whenx=0orx=1. A cross
section has radius r = x — x2 and area

A(x)= arl= (x— xz)2 = 77:(x2 ~2x%+ x4).

The volume is

_[;n'(xz —2x3+x4)dx = n[lx3—lx4+lx5}l =
0

37 27 s 30.
/

15.

[-1,2] by [-1, 2]
Use cylindrical shells: A shell has radius y and height y.
1
1
The volume is I 2n(y)(y)dy =2x ly3 = gﬂ
0 3" 4 3

[-1, 31 by [-1, 3]

Use washer cross sections: A washer has inner radius r = x,

outer radius R = 2x, and area A(x) = 71:(R2 - r2) =37x>.
{ 1,7

The volume is J-o 3axldx = 37r|:§ x3] =TI
0
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1
[-2,3) by [-1,6]

The curves intersect when x2 +1= x+ 3, which is when
x2—-x—-2=(x-2)(x+1)=0,ie.,whenx=-1lor x=2.
Use washer cross sections: a washer has inner radius
r=x2+1, outer radius R=x+3, and area

A(x)=n(R*-r?)
= n[(x +3)—(x2+ 1)2]
=7L'(—x4 —x2+6x+ 8). The volume is

2
J_ln(—x4 —x*+6x+ 8)dx

15 1 ¥
=x|-=x =2 +3x%+8x
5 3 . 1

=7 —2—§+12+16 - l+l+3—8 =ﬂ.
5 3 53 5

[-2,3] by [-1, 5]

The curves intersect when 4 — x2=2—x, which is when
x2—x—-2=(x-2)(x+1)=0, ie., when x=—1 or x=2.
Use washer cross sections: a washer has inner radius
r=2-x, outer radius R=4-—x2, and area
A(x)=n(R*=r?) _

=r[ (4= - -2 ]

=n(12+4x-9x2 +x*).
The volume is

2 2, 4
[ 702+ 4x-09x7+ x*)dx

|

T T
——,—|by[-05,2
[-5- 5]y i-05.2
Use washer cross sections: a washer has inner radius

r=secx. outer radius R= \/5 , and area

A =m(R?=r¥) = (2 - sec? x).



330 Section 7.3

19. Continued

The volume is

4 /4
J 7r(2—seczx)dx=7t|:2x—tanx]
~7l4 —ml4

20.

[-1,5]by [-3, 1]
The curves intersect where —/x =-2, which is where
x=4.Use washer cross sections: a washer has inner radius

r=+/x, outer radius R=2, and area

Ax)=(R? - r*) = m(4—x).

4
.4 1 5
The volume is J.o n(4—x)dx=ﬂ:[4x—5x ] =8z

/

21.

Inkersection
H=.PH520036 ¥=1.41i42i36

[-0.5, 1.5] by [-0.5, 2]

. T .
The curves intersect at x= Z ~(.7854. A cross section has

radius r= \/5 —secxtanx and area

Alx)= mrt = 71:(\/5 —secxtan x)z. Use NINT to find

0.7854
J ﬂ(\/a—secxtanx)zdsz.?’Ol.

22.

[-1, 3] by [~1, 3]
The curve and horizontal line intersect at x = % A cross

section has radius 2 — 2 sin x and area
A(x)=7r? = 4n(1-sin x)? = 47(1 - 2sin x +sin® x).
The volume is
/2 . . 2
-[o 4dr(1-2sinx+sin” x)dx

Py 1-cos 2x)

=], 47[(1—25inx+ dx

3 1 ni2
=4n[—x+2cosx—~sin2x}
2 4 o

= 47:(3%r -D=n3r-18)

[-1, 3] by [-1.5, 1.5]
A cross section has radius r = \/g y* and area

A(y)= nrl= 571:y4.

The volume is J._1157ry4 dy= 7r|:y5 :|1_1 =27r.

-1, 41by [-1, 3]

A cross section has radius r = y3’ 2 and area

Ay)=mr? = 7L'y3. The volume is

2 1,T
j ny’dy=m|-—y* | =4m.
0 47

25.

[-1.2,3.5]) by [-1, 2.1]
Use washer cross sections. A washer has inner radius = 1.
Outer radius R =y + 1, and area

A(y) = m(R*~1?) = n[(y+1)2—1] = n(y*+2y). The

1
1
volume is -[Oﬂ(y2+2y)dy = n[%y3+y2] = %n
0

26.

[-1.7, 3} by [-1, 2.1]
Use cylindrical shells: a shell has radius x and height x. The
1
1
volume is I 2(x)(x)dx =27 lx3 = 27;;
0 34 3

27.

["'25 4] b)’ [—'17 5]
Use cylindrical shells: A shell has radius x and height x2.

2 ) 14T
The volume is _[0 2n(x)(x")dx =21 Zx =8r.
0
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(a) The solid is a right circular cone of radius 1 and
height 2. The volume is

1 1., 1 5 2
—Bh=—(mr)h=-(ml")2=—m.
3 3 (mr) 3( ) 3
[-0.5, 1.5] by [-0.5, 1.5] Using integration: A cross section has radius 1- 2
The curves intersect at x = 0 and x = 1. Use cylindrical 2
2 J :
shells: a shell has radius x and height +x —x. The volume is andarea A(y)=nr"=n (1 - 5) - The volume is
1
1 2 1 2r 2 2 2 1
27 (xXx - x)dx =27 —x5/2——x3:| == = 2 gy= —yt—y?
-[0 (xX ) [5 35,71 14 .’.071:1 5 dy ﬂj01y+4y dy
2
29, 1, 1 3] 2
=x|y--y+=y | =2m
[y 27 T127 ], 73
(b) Use cylindrical shells: shell has radius 2 — x and height
l 2x. The volume is
1 1
-1, 5] by -1, 3] [, 2n@-n)@xdx=4n[ (2x-x")dx
The curved and horizontal line intersect at (4, 2). ) 1 g
b4
(a) Use washer cross sections: a washer has inner radius =4 [xz - gxa} = 3
r= \/; , outer radius R = 2, and area 0
A(x) = m(R*~r?) = (4 — x). The volume is
4
4 1,
| n(4—x)dx=7{4x——x ] =87
0 27 ],
(b) A cross section has radius r = y2 and area [-2,2] by -1, 2]
AG)=7rr? =1y’ The curves intersect at (il, 1).
2 . . 2
2 (a) A cross section has radius r=1-x“ and area
The volume is .[ 77:y4 dy= n[lys} = 32,
0 574 S Ax)=mrt=r(-x) =n(-2x2+x*)

) . The volume is
(c) A cross section has radius r=2—x/; and area

1

1 2 1 167

A =nrt =12 -Vx) = n(d—4Jx +x)- J_Iﬂ(l—sz+x4)dx=ﬂ|:x—§x3+gx5] TR
The volume is !

. g 1 4 87 (b) Use cylindrical shells: a shell has radius 2—y and
J.O 7r(4—4\/;+x)dx = 71'[4x—§x3/2 +§x2:| =—"

o 3 height 2\/; . The volume is
(d) Use washer cross sections: a washer has inner radius J‘; 22— )2 \/; Ydy= 47;J'(: 2 \/; _ y3/2) dy
r=4- y2 , outer radius R = 4, and area .
4 30 2 sp| 567
A)=n(R* - =r[16- 4=y | =n(8y" - y*) =4z| 2y -5y =5
The volume is Lo .
(¢) Use cylindrical shells: a shell has radius
2
_[0 7z(8y2— y4)dy = ﬂ[%f ——éys} = 3?‘}5_” y+1and heightZ\/;. The volume is
o
1 1
30, o Joortrnedydy=anf 0¥ +ndy
1
—ar 2y5/2+zy3/2 _an
5 3 o 15

{~1,3]by [-1, 3]

The slanted and vertical lines intersect at (1, 2)
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32. (a) A cross section has radius r = h[l — %j and area

2
A(x)= nrt=nh? (1 - %] . The volume is

b X 2 b 7 T
j | 1=-2 | ae=mr?| =20 12| | =Zpn2
0 b 30 b)) 3

(b) Use cylindrical shells: a shell has radius x and height

h(l - %) The volume is

2
jbzn(x)h(l—f)dx - 27rhj”[x—x—]dx
0 b 0 b

33. A shell has height 12(y* —y*).
(a) A shell has radius y. The volume is
1 23 13 4
J w2 - yhdy=24n [ (5*- )y
1
=24r ly4—1y5 Ly
4 571 5
(b) A shell has radius 1-y. The volume is
1 23
J,2m0-31207 - y)dy

1
=24z (5 -2y +y")dy

1
_247z15 ly +1y3 _4m
57727 73 , S

(c) A shell has radius %— y. The volume is

L (8 23
jozn[g—yjlz(y ¥))dy

(d) A shell has radius y+ % The volume is

jzzr(y+ )12(y2 )dy

1 3 2
=247l'-[0 (—y4+—5~y3+§yzjdx

1
15,3 4.2
=24r|—-— =2n.
[ ST }

2

2 4 2 4
34. A shell has height ——[y__y_]= 2oL

(a) A shell has radius y. The volume is

2 y4 1 1 >
2_ — _ =
Io 27t(y)(y 4 ]dy 2ﬂ[4y a7 ]

(b) A shell has radius 2 ~ y. The volume is

2| y2 -2
IO 272 y)[y 4]dy
oy’ 2
=27 | ————y +2y" |d
fo[ 2T YN |y
1 1 1 2 ’ 8
V4
=2 - _—— - 3 =—,
[24)' lOy 4y 3 :|0 5
(c) A shell has radius 5 — y. The volume is

4
I: 2n(5—y)[y2—y7de

{23

12
1 1 5 1 4. 53

=27 —y ——y' - +— =87.

[24y 4 Ty T3 o

-y +5y ]d

(d) A shell has radius y + g The volume is

2 5.2 ¥
J.O 27[(y+§](y —I dy

35.

"[-2,3]by [-2,3]

A shell has radius x and height x — (——;J = —;«
. (2 3 _ 3P
The volume is Jo 27r(x)(5x)dx = n'[x :'0 =

X.

8x.



Section 7.3 333

36. 40. A cross section has width w = sec x — tan x.
wY =x
(@) Ax)=nr?= 71:[5) = Z(secx— tanx)z, and
_ n/3 E _ 2
[-2,2] by [-1, 3] V=] g Gecr—tanx)’dx
x*=2— xatx=1. A shell has radius x and height = EJ”B (sec? x — 2sec x tan x + tan? x) dx
4 J-rn/3

2 — x — x%. The volume is /4 /3
= —[tanx—2secx+tanx—x]
4 —7/3

1
1
[, 2@~ x-xYdx=2n T S p 1 T
0 3 6 =—|tanx—secx——x
2 —r/3

g GRS
SENCRS

=1, 51 by [-1, 3] () A(x)=5*=w?=(secx—tanx)?, and

A shell has radius x and height Jx. The volume is Ve J”B (secx— tanx)?dx, which by same method as
—r/3

4
Io Zﬂ(x)(\/;)dx - 2”[ 5% o o5 in part (a) equals 43 - -i—n
38. . . 2
41. A cross section has width w= \/gy and area
mrl= ﬂ(z) = 5—”y4. The volume is
2 4
257 4 Tr s7?
—ydy=— =8r.

[~2,2] by [-2,2] 0o 22 YTy [y ]0
The functions intersect where 2x—1=+x, ie.,atx=1. 42. A cross section has width w=2y/1—y* and area
A shell has radius x and height 1, 1, X
Jx - 2x-D= Jx —2x+1. The volume is Es = EW =2(1-y"). This volume is

1 _ _ L 3 42 1 1,] 8
[L2m0)x ~ 204 D = 27 [ (92 ~ 2% + x) [ 2(1—y2)dy=2[y—§y3] -8
. -1
= 275[2 2 2 x4 1 xz} 43, Since the diameter of the circular base of the solid extends
2
T 0 from y= % =6 to y=12, for a diameter of 6 and a radius
15 of 3, the solid has the same cross sections as the right
39, A cross section has width w =2 \/Sm circular cone. The volumes are equal by Cavalieri’s
: Theorem.
3., . 44. (a) The volume is the same as if the square had moved

A =— =4/3 , d . i

@ 4 4 e \/—smx an without twisting: V = Ak = s*h. )
V= I”ﬁ sinxdx (b) Still s2h: the lateral distribution of the square cross
0 sections doesn’t affect the volume. That’s Cavalieri’s
_ \/g J' : sinxdx Volume Theorem.

= \/g[—cosx:|
=23,

() Ax) = s*= w?=4sinx, and

V=4 sinx dx=4[sin x dx=4[cos x]j =8.

il
0
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[-1, 3] by [-14,9.1]

The functions intersect at (2, 8).

(a) Use washer cross sections: a washer has inner radius
r= x3, outer radius R = 4x, and area

A(x) = n(R? - ¥y = m(16x* — x%). The volume is
2
2
.[ 75(16x2—x6)dx=7z E)(;3_l_x7 =ﬂ.
0 37 77 ], 2t

(b) Use cylindrical shells: a shell has a radius 8 — y and

height yll3 - % Thevolumeis

[ 2n - y)(y"3 - %) dy

p 2
=277:J0 (8)}1/3 —-2y— y‘”3 + —}:T]dy

8

3 1 8327
=27t[6y4/3—y2——y7/3+—y3] _ .
77 127 ] 21

46.

[-0.5, 1.5] by [-0.5, 1.5]
The functions intersect at (0, 0) and (1, 1).
(a) Use cylindrical shells: A shell has radius x and height

2x—x* - x = x—x*. The volume is

1
1

| 210~ 2ydx =27 1o lyulo®
0 3 4 ] 6
(b) Use cylindrical shells: a shell has radius 1 —x

and height 2x — x2—x= x—x%. The volume is

J;Zn(l—x)(x—xz)dx - 2nj;(x3—2x2 +x)dx

1

=27 lx4 —zx3 +lx2
4 3 2

T
=

47.

]
[-0.5, 2.5] by [-0.5, 2.5]

The intersection points are {i, lj,[i, 2], and(l, D).

1
(a) A washer has inner radius r = %, outer radius R= 0
y

and area 71:(R2 - r2) =7 11 . The volume is
yt 16

2
Jzﬂ JRSUENE 0 VR N T e -2
N CTANTS e I AT R

(b) A shell has radius x and height %—1. The volume is
X

1
1

2n(e)| L1 |ar=2n] 262 L2 | 1T
14 J; 3 9 . 48

48. (@) For0 < x <, Xf(x)zm=

sinx.
Forx=0, x f(x)=0+1=sin0=sinx. so
x f(x)=sinx for 0<x <.

(b) Use cylindrical shells: a shell has radius x and
height y. The volume is J: 27xydx, which from

part (a) is I:Zﬂsinxdx = 27t|:—cosx]g =4r.

49. (a) A cross section has radius r = % 36—x? and area

4

144 (36x2 -x* ). The volume is

Ax)=mr’ =

6
6
»’5—(36x2—x4)dx=l[12x3 ——le}
0144 144 574

SELLINSS

5
(b) (?’(;—ncm3)(8.5g/cm3)zl92.3g.

50. (a) A cross section has radius r=+/2y and area

2_ N I e
ir® =2rxy. The volume is jo 2rydy = ﬂ[y ]0 =257,



50. Continued

b) V(b= J A(h)dh, so ‘2—‘/ = A(h).

v _dv dh
Ca T an T d ()'_
Jdn_ 1 av
®u A dr

For h =4, the area is 27w(d) =87,

dh 1 3unit33 3 units®

dt 8z sec 8w  sec

|
[

The remaining solid is that swept out by the shaded
region in revolution. Use cylindrical shells: a shell has

radius x and height 2 r? —x*. The volume is
J.\;I? 27z(x)(2 rt—x? )dx

—27r|:——(r -x )3/2}
__i,,(_g)_ 3?”

(b) The answer is independent of r.

r’ -4

52. Partition the appropriate interval in the axis of revolution
and measure the radius r(x) of the shadow region at these

points. Then use an approximation such as the trapezoidal

b
rule to estimate the integral J. nr? (x)dx.
a

53. Solve ax—x*=0; This is true at x=a. For revolution
about the x-axis, a cross section has radius
r=ax—x’ and area
Alx)= nrt= =n(ax—x ) = ﬂ(a —~2ax® + x4).
The volume is
a 1 1 15T
J 71:(c12)c2 —2ax> + x4)dx =n|-a®x ——ax*+=x°
0 3 2 50

=—7a.

30
For revolution about the y- axis, a cylindrical shell has

radius x and height ax — x%. The volume is

J:Zn'(x)(ax—x2)dx = 2nBax3 —-%xd':'o = %ﬂ:a“.
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Setting the two volumes equal,

i7ras=17w4 yields ia=l, soa=>5.
30 6 30 6

54. The slant height As of a tiny horizontal slice can be written

as As= \/ Ax?+ Ay = \/ 1+(g’(»)*Ay. So the surface area
is approximated by the Riemann sum

n
ZZﬂ:g(yk) 1+ (g'(y))sz. The limit of that is the integral.
k=1

55. g'(y)= @ _ L, and
dy 2y

[anyy 1+[ J b= fiyeiay

=[£(4y+1)3/2:|

13—ﬂ:~13 614
3

0

= y2, and

[z, _2 |1 4332 1
1+(9) dy—37t 6(1+y )

0

56. g'(y) =

foa|

&%

w |‘<w

= -’95(2\/5 —1)~0.638.

a1
57. §N=—-=27 V2, and
Y
2 2
3 e (1 1 _ip
L 27[[)} (3) ] 1+(2y ) dy
72
3 1 1
=2 "2—(—) 1+— dy.
), [y 3 4y Y

Using NINT, this evaluates to =16.110

58. g (y)—dx—L and

dy
L/g 2m\2y— ,/1+

—27:]5/8\/_ dy
2l
3 5/8

4\/_ l—i\/E =2.997.
3 16 V2

59. f'(x )———2x and

2
Jo 27x? 1+(2x)? dx:jo 27x2\1+4x% dx evaluates,
using NINT, to = 53.226.
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60. f'(x)= b 3-2x, and

dx
3
J.o 27 (3x—x2)\/ 1+(3x—-2x)2 dx evaluates, using NINT,
to ~44.877.

61. f'(x)= % = —1—"‘—2—,and

2x—x

1.5 ) 1.5
j 2TV 2x - x =2nj 1dx
0.5 0.5
1.5
=27r[x]0_5
=27 ~6.283
62.f’(x)=d—y= L and
dx 2. x+1

2
5 1
2aNx+1, 1+ dx
J.‘ [2\/x+1]

5
=27c'[1 x+§dx

P
=27 2 x+E
3 4

1

32 312
AR 2] -2 a3
3\ 4 4 3

63. True. by definition

2
64. False. The volume is given by _[0 7ry4 dy.

65.A.V = j: (n(x))* dx = 0.718

66.E.V = j:(n(S—x3’2)2)dx =361.9

16 2
67.B.V = jo 7:(42 -(vv) )dy =128%
68. D.
69. A cross section has radius » = |c— sinx| and area
A(x) = 7ir? = (e —sinx)? = w(c? — 2csinx +sin? x).
The volume is
T2 . .2
jo w(c” — 2csinx + sin” x)dx

K4

=% czx—2ccosx+lx—lsin2x
2 4

= n[(czﬂ—20+%7r]—2c‘:l

2

T
= 71-'26'2 —471'C+7.

0

(a) Solve
2
4 m%c® —dgc+ - |=0
dc 2
2m*c—4n=0
mc—2=0
2
c==—
i1
This value of ¢ gives a minimum for V because
2
9V _on? 0.
dc?
2 2 2
Then the volume is 72 2 —4n 2 +71:_= ”—_4
b4 n 2 2

(b) Since the derivative with respect to ¢ is not zero

. 2 .
anywhere else besides ¢ =—, the maximum must occur
T

2
atc=0or ¢ =1. The volume forc =0 is Z%—z4.935,

and forc=11itis =~ 2.238. ¢ =0 maximizes

n(3n-8)
2

the volume.

(c)

[0, 2] by [0, 6]

The volume gets large without limit. This makes sense,
since the curve is sweeping out space in an
ever-increasing radius.

2 2
70. (a) Using d = E, and A=7w i = C— yields the
/4 2 4

following areas (in square inches, rounded to the nearest
tenth): 2.3, 1.6, 1.5, 2.1, 3.2, 4.8, 7.0, 9.3, 10.7, 10.7,
9.3,6.4,3.2.

(b) If C (y) is the circumference as a function of y, then the
area of a cross section is

2 (o)
A(y)zﬂ(ayz)/n]:( )

,and the volume is

4r

L e

© —[rAnd=--] (co) @

~ L6052 10452 4447
an\ 24

+5.12+6.3%+7.82 +9.4% +10.82 +11.6%
+11.6% +10.82 +9.0*)+6.32 ]~ 34.7in>



2
71. Hemisphere cross sectional area: n'(\/ R*-h? )

Right circular cylinder with cone removed cross sectional

area: TR —mh> = A,

Since A, =A,, the two volumes are equal by Cavalieri’s

theorem. Thus volume of hemisphere
= volume of cylinder — volume of cone

— R LR = 2R3
3 3

= A

72. Use washer cross sections: a washer has inner radius

r= —\laz—yz, outer radius R=b+\/a2+y2, and area

= 47rb\[a2 —y2. The volume is

j_ Amba® —y* dy= 4nbj“ Ja*—y*dy

= 4nb[7m J
2

=272 a’h

73. (a) Put the bottom of the bowl at (0, —a). The area of a

2
horizontal cross section is n(\/az -y? ) =m(a® -y?).

The volume for height 4 is

h-a
h— B |
[ m@ - yydy= ﬂ{rfy—gya] =

—a

wh®(Ba—h)

3

(b) For h=4,y=-1 and the area of a cross section is

7r(52 —'12) =247, The rate of rise is

dh_1av_ 1

0.2)= L m/sec.

dt Adt 24rx 1207

74. (a) A cross section has radius r = Va? —x? and area

2
A(x)=rr —n(\/a —x2) =7L'(a2—x2).Thevolumeis
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(b) A cross section has radius x = r[l - %] and area

2
A(y)=7tx2=nr2(1—%} =7rr2[1 2hy y ] The

n?
volume is
2 2 37
J nr? 2y +2L dy=7!?r2 y—y—+y—
“h ok Y X N
=l7tr2h.
3

Quick Quiz Sections 7.1-7.3
LC j; (sin~ (x))? dx = 0.467
2.A.
3.D.

4. (a) The two graphs intersect where \/; =¢ *,whicha
calculator shows to be x =0.42630275.
Store this value as A.

A
The area of R is jo (e —~[x)dx =0.162.

(b) Volume = J:n((e_x + 1)2 - (J; + 1)2)dx =1.631.

Al - _Jx 2
(¢) Volume =j0 5”[%) dx = 0.035.

Section 7.4 Lengths of Curves (pp. 412-418)
Quick Review 7.4

1. \/1+2x+x2 =\/(1+x)2, which, since x 2—1, equals 1 +x

orx+1.

1—x+ % —— |, which, since x <2, equals

1——0r

3. \/1+(ta.nx)2 =\/(secx)2, which since OSx<Zr2~,

equals sec x.

[———J }—;+— — 1J(x 4 which,

since x >0, equals

4x



