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Section 7.2 Areas in the Plane (pp. 390-398)
Exploration 1 A Family of Butterflies

7. Solve e* = x+1 . From the graphs, it appears that " is
always greater than or equal to x + 1, so that if they are ever

1LFork=1

n ¥4
jo [(2—sinx)—sinx]dx=j0 (2-2sinx)dx
=[2x+2cosx]}
=2n—-4
Fork=2:

[ 14 ~2sin20)- 2sin2:)1dx

72 .
= Io (4—4sin2x)dx
=[4x+2cos2x]* =274

2. It appears that the areas for k > 3 will continue to be 2z —4.
w/k . .
3.4,= | (2k—ksinkr)ksinkx]dx

:j;’/ 2k =2k sin fox) dx

If we make the substitution u = kx, then du = k dx and the
u-limits become 0 to 7 Thus,

wfk .
A =] (2k—2ksinke)dx
/k .
=j0 [(2—2sinkx)k dx
:I:(Z—Zsinu)du.

4.2r-4

- 5, Because the amplitudes of the sine curves are k, the kth
butterfly stands 2k units tall. The vertical edges alone have
lengths (2k) that increase without bound, so the perimeters
are tending to infinity.

Quick Review 7.2

1. J:sinxdx = [—cosx]g =—[-1-1]=2

1
2. Jlezxdx= Loar| 2Li21y23.105
0 24 )72

n/4 _

3. j_”;;4sec2xdx= [tanx]"), =1-(-D=2

2
4 [Cr-xV)dx=| 26> —2x* | =(8-4)-0=4
0 4"

3
S. I s 9—x2dx = 97ﬂ (This is half the area of a circle of
radius 3.)

6. Solve x% —4x=x+6.
x2-5x-6=0
(x—6)x+1)=0
x=6orx=-1
y=6+6=120ry=-1+6=5
(6,12) and (-1, 5)

equal, this is when e* —(x+1) is at a minimum.
i x — X1 x _ .

e’ —(x+1) [=e* —Tis zero when e* =1, i.e., when
dx

x=0.Test: ¢® =0+1=1. So the solution is ©, ).

8. Inspection of the graphs shows two intersection points:
(0, 0), and ( 7, 0). Check: 02—z «0=sin0=0 and
n?—-m?=sinmw=0.

9, Solve 22x =5
x“+1

(0, 0) is a solution. Now divide by x.
2
2.1 X
x“+1
2=x* 4 x2
xt+xr-2=0

2 —1+41+8 _
2

—2orl

Throw out the negative solution.
x=11

y= =%
0,0), (-1,-1)and (1, 1)
10. Use the intersect function on a graphing calculator:

Interspction
#a.92H62631 1V=.80078788

[-2, 2] by [-2, 2}
(-0.9286, —0.8008), (0, 0), and (0.9286, 0.8008)
Section 7.2 Exercises

T
n
1. J (1—cos? x)dx = lx—lsin2x -
0 2 4 b 2
2, Use symmetry:

/3 /3
th (lseczt+4sin2 t)dt = _[n (sec? + 8sin® £)dr
-3\ 2 0

=[tant+4¢—2sin2t]
=( 3+4T”—\/§)—0
_an
E

/3
[4]

! 1, 1,1 1
3. ) OP-V)dy=|2r - =
jo(y y)dy [3y Rl RT)



4. [l[025 ~129%)-@2y* ~29) |ay

1
= _[0(—12y3 +10y% +2y)dx

1
=[—3y4 +Ey3 +y2]
3 o

10 4

=-3+—+1=—
3 3

5. Use the region’s symmetry:

2]02[2;8 (et~ 22 Y dx = 2J2(—x4 +4x%)dx

6. Use the region’s symmetry:

1
2jl(x2+2x4)dx=2 T, 25 2of 1,22
0 3775 T5ETS)T s

7. The functions intersect at x = —1.4096 and x = (0.6367.

[2 {1 x)~ sin xldx ~ 1.670
_1.4096( x“)—sinx]dx = 1.670.

8. The functions intersect at x =~ £1.152961.

1.152961 2
j [cos 2x — (x* — 2)]dx = 4.332.
—1.152961

9. ) [x—%]dx+_[f[l—§]dx

2

10. [ v (-
! 2

+ [_x_ + ZxJ
2

0 1
r 2? 1

?—O+[—7+2(2)]—(——+2(1)]

=5/6

x+2)dx
x3 ’

3

.
i [T G- -0 -D)dy

3N\V2

- (4—2y2)dy:[4y—2i)
5 3
_

_ 2(42)° 2(—2)?
=42 - =5 —[4(—«/5)— 3 j
1632

=—~7542
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2 Y 2
12.]_3/2[2 O 3)]dy
2
2 3
Yy
=22 43
-3/2

|2

_@ @ _ +3(_§)
4 3 4 3 2
7

=7-—=~7.146
48

13. [ (22~ 22 - 52)~ (-2 + 3))
+j:(—x2 +3x-(2x° = 2% = 5x)) d
= j_°2 (2x° — 8x)dx + joz (-2 +8x)dx

=(ﬁ—4x [45e]
E o Sre]o

(2]

14, J:;(—x+2—(4—x2))dx+J_21(4—x2~(—x+2))dx

+j23(—x+2)—(4—x2)dx

= [ 24 xtdn [ (4 2= 2P )ax
3 2
+j2(—x—2+x Yx
2 3\t 2 3
) Y PRI A .
2 3), (2 3
2 3\
+(_x__2x+x_J
2 3
2
17 (2P 2
( 2(1) 3 [ > 2(2)+3)]
2]

22 23 (-1)?

3 2 3
+[—7—2(3)+3——[—2——2(2)+2 ]J

2 3

2

-1

c\]»—

15. Solve x*2-2=2: x* = 4, so the curves intersect at x=12.

[ [2-62-2]ax= [ @-xtyax

2
= 4x—1x3]' =(8—§)—(~8+§)=2=10%
37 1, 3 3) 3 3
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16. Solve 2x— x> =-3: x> —2x-3=(x—3)(x+1)=0, so the
curves intersect at x=—1 and x=3.

.[_31(2x—x2 +3)dx = [ 2 —%xe’ +3x}:

=(9—9+9)-(1+§-3J

=32_102
3 3
17.Solve 7-2x2 =x% +4: x* = 1, so the curves intersect
at x ==1.
jl [(7—2x2)—(x2 +4)]dx = J’l (=3x2 +3)dx
-1 -1

{-3,3] by [-1, 5]

The curves intersect at x = +1 and x = £2. Use the region’s
symmetry:

2]3[(;5‘ 4P +4)- 2 ]dx + 2]12[18 (x4 4)]dx

- ZJ;(x4 —5x2 +4)dx+2_[12(—x4 +5x% —4)dx

1 2
=2 lx5—§x3+4x +2 —lx5+§x3—4x
5 3 o 5 3 !

ol L2l [ 24 2 g [ 12 ] |
5 3 5 3 5 3

_3 3 ,_2 2
[Ea,za}by[ a’, a’]

The curves intersect at x = 0 and x = ta. Use the region’s

symmetry:

21.

[-2, 12] by [0, 3.5]

The curves intersect at three points:
x==l,x=4andx=9.

Because of the absolute value sign, break the integral up at
x=0 also:

[ (e [ (<28 e [ - 22

M1 11 ¢
~x?+6x 2 ~x? +6x 2
- _2____+_(_x)3/2 |2 A
5 3 5 3
L -1 o
- 9
2
—x“+6x
sz/z 2
3 5
L 4
=0~ —E+2 + 3216 -0+
L 10 3 5 3

1
30 15 6

[-5, 51by [-1, 14]
The curves intersect at x = 0 and x = +4. Because of the

absolute value sign, break the integral up at
x =22 also (where ’xz - 4‘ turns the corner). Use the

graph’s symmetry:

2 1 2
2 02[[%+4)—(4—x2) dx+2_|':[[x7+4J—(x2—4)}dx




)

22.Solve y* =y+2: y* —y-2=(y-2)(y+1) =0, so the

curves intersect at y = —land y = 2.

1
J'_Zl(y+2—y2)dy=[§

Y

23. Solve for x: x =~ landx = %+4.

24.

25.

26.

2 2
Now solve 2——1=244: 2 _2
4 T4 T4 g

¥ —y=20=(y-5)(y+4)=0.

-5

=0,

The curves intersect at y=-—4andy=>5.

(x5
:ji[s_?z:%w)dy
={—%+%+5y]

—4
= _E+E+25 - §+2—20
12 8 3

y2 =3- 2y2: y2 =1, so the curves intersect at y==11.

Use the region’s symmetry:

243 3

===-302
] 8 8

Solve for x: x = y*andx = 3— 2y*. Now solve

1 i
2[,3~2" ~y"dy=2[ 3-3y")dy
1
=6] (1-y")dy

]

-]
-3

=4

Solve for x: x= —y2 andx = 2—3y2. Now solve

—yr=2- 3y2: y? =1, so the curves intersect at y==%I1.

Use the region’s symmetry:

1 1
2[, 23" +y)dy=2[ 2-2y")dy

1
1 1
=4JO(1—y2)dy=4[y—§y3Jo =4

(

1_3_0]:

W] oo

Solve for y: y=4—-4x* and y=x*-1.

Now solve 4—4x? =x*—1:
x*+4x2 5= -)(x%+5)=0.

The curves intersect at x =+ 1.

27. Solve for x: x=3—y2 and x=-

Use the region’s symmetry:
1 2 4
2]0[(4—4x )= (x —1)de

1
=2j0(—x4—4x2+5)¢x

Now solve ?)—y2 = _T:

so the curves intersect at y =12,
Use the region’s symmetry:

2]02[3— » +y4—2)dy = 2]02(

=2[3y-

=2(6-2)-0

y2
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28. The curves intersect at 0 and 7, so the area is:

f:(Zsinx—sian)dx = [—2cosx+%cos2x}

=

29. Use the region’s symmetry:

30.

2_"(:E/3(8cosx—sec2 X)dx = 2[8sinx— tanx]

=2[43-13)-0]=6V3

¥

Y

[-1.1, 1.1] by [-0.1, 1.1]

7T

0

23

/3
0

The curves intersect at x = 0 and x = %1, but they do not

cross at x =0.

2](:[1—;:2 - cos(%)]dx



324 Section 7.2

31.

[-1.5, 1.5] by [-1.5, 1.5]

The curves intersect at x = 0 and x = £1. Use the area’s
symmetry:

Aol o 2o(5) 4]

32, Use the region’s symmetry, and simplify before intergrating:

/4 2 2
2]0 (sec? x — tan® x) dx
= 2J:/4[sec2 x— (sec2 x— I)de

nl4 4 T
=2 “dv=2[x]] =

33. Use the region’s symmetry:

wl4 ni4
2]0 (tan® y + tan® y)dy=4j0 tan? ydy

= 4[tany— y]:;/4

3

=47 ~0.858
2. 2
34. Io Z«}smy,/cosydy=3}|:—§(cosy)3/2}0
o3
3

35. [ r3de- | @adx

1

/2

_2 2| 2!
—3(x+3) —X lo

3

= %(1+3)3’2 —%(—3+3)3’2 -(12-0%)
=4.333

36. [ @=xtydx- [ (3r)dx

1

3 3 2
=4_1__[4(_2)_1J_[&_0]
3 3 2

37. Solve for x: x=y* andx=y.

[-L.5, 1.5] by [-1.5, 1.5]

The curves intersect at x = 0 and x = £1. Use the area’s

1
1 1 1 1
symmetry: 2J.0 (y-ydy= 2|:5y2 —Zy4i| =
o

[-0.5,2.5] by (-0.5, 1.5]

1. .
y=xandy= — intersect at x = 1. Integrate in two parts:
x

1
e e[ ]
0 1 x2 2 b x
1 1
_§+|:_E_(_l):|—1

. . . T
39. The curves intersect when sin x = cos x, i.e., at x = Z

2

I:M(cosx —sin x)dx = [sinx + cos:|::/4

=\2-1~0414

[-3,3]by [-2,4]

(a) The curves intersect at x = £ 2,
Use the region’s symmetry:

2]02(3—x2 +1)dx = 2J§(4—x2)dx
2
2[4x—lx3:|
3 0
LR
3 3

(b) Solve y=3- %% forx: x= iJS— y. The y-intercepts
are —1 and 3.

3
jflzJa—ydy=2[—§<3—y>3’2}

-1

A5



If y= x? =¢, thenx= i\/;. So the points are

(—\/(; ¢)and (\/; ,0).

(b) The two areas in Quadrant I, where x = \/; are equal:

par=[ oy

c 4
2 an |2 3
[3)} 0_ 3y c

2 2
22 _2um 2 n

37 73 3
207 =3
=4

c= 42/3 — 24/3

(c) Divide the upper right section into a (4 — c)-by- \/;
rectangle and a leftover portion:

5
jo (c=x2)dx = (4—c)e + J-j;(4—x2)dx

2
[cx——x ] = 4\/; et |:4x—1x3}
30 31z

3/2_1 2 = gfo ¥

[ e57)

23/2_4\/' +__4\/E+1 a2

i 216
3 3
24

c= 42/3 — 24/3

43.

44.

45.

46.
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(-1, 51 by [-1, 3]
The key intersection points are at x =0, x=1 and x = 4.
Integrate in two parts:

Jo(1+7= 2 o (__g)dx

4
={x+§x3/2 x—g«} +[4\/——%:I
0 1
=(1+2—1)+{(8—2) [4—11] a
38 8 3

First find the two areas.

For the triangle, %(20) (@)=ad’

a

For the parabola, ZJ: (@®—x)dx= Z[azx - %xﬂ = %,ﬁ
o

&
The ratio, then, is ——=—,
3¢
constant as a approaches zero.

whichremains

b b
L [2£(x) - f(x)]dx = I f(x)dx, which we already know
equals 4.
Neither; both integrals come out as zero because the —1-to-0

and O-to-1 portions of the integrals cancel each other.

Sometimes true, namely when dA = [ f(x) — g(x)] dx is
always nonnegative. This happens when f(x) = g(x) over

the entire interval.

[-1.5, 1.5] by [-1.5, 1.5]

The curves intersect at x = 0 and x = £1. Use the area’s
symmetry:

1
1
2f 2 3 ax =2l mp Lt
0 x2+1 4 0
~om2-1
2

—In4—- 1 ~0.886
2
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48.

SERRSRST lve.moorszes
[-1.5, 1.5] by [-1.5, 1.5]

The curves intersect at x =0 x = +£0.9286. Use NINT to

. 09286 5
find 2 jo (sinx — x*)dx = 0.4303.

49. First graph y=cosxand y = %2

I eg i
HeBeui3231 ly=.hoBiau0r7
[-1.5, 1.5] by [-0.5, 1.5}

The curves intersect at x = £0.8241. Use NINT to find
J-o.3241

by & will not change the x-value of any intersection point,

so the area condition to be met is
0.8241 5
2=2J’0 (kcos x— ki) dx

0.8241 2
=>2=k°2."0 (cosx—x")dx

= 2= k(1.0948)
=k =1.8269.

50. True. 36 is the value of the appropriate integral.
. 0739

51. False. It is -[0 (cosx — x)dx.

52. A.

3 2 \|3
53.E. J'(?(xz—(—x))dx =["_+x_] 27

0 2

3 2
54. B. The curves intersect at x =~ 1.139. Use NINT to find

J.;.139 (e_xz —(—sin 3x))dx =~1.445

55. A. jlz(e” —1)dx
X

= (e" ~In x)|f

=’ —In2—e¢

(cos x — x*)dx ~1.0948. Multiplying both functions

56. (a) Solve for y:

57.

58.

2 2
(b)j“ [b\/l—x—z— {—b\/l—x—z] dx or
—a a a

2 2
a X a X
2j_ab l—a—2dx or 4j0b l—a—zdx

(c) Answers may vary.

a
2 2
a X _ X X a. 1 x
(d,e) 2-[—ab 1-ajﬁ—2bl51,1—a7+58m ;]
-a

—2b| “sin () in (
—Zb[zsm m 2sm (l)]
=rab

By hypothesis, f(x) — g(x) is the same for each region,
where f(x) and g(x) represent the upper and lower edges.

b
But then Area = _[ [ f(x)- g(x):l dx will be the same for
a

each.

The curves are shown for m = %:

[-1.5, 1.5] by [-1, 1]

In general, the intersection points are where =mx,

x2+1

which is where x =0 or else x = %, ’l— 1. Then, because
m
of symmetry, the area is
JWmy-1
ZJ‘ (1/m) ( 2x —mx)dx
0 x“+1
Jam=1

0

=2[—1—ln(x2+1)—lmx2}
2 2

=1n(l—1+1)—
m

m(—l——l)=m—ln(m)—1.

m



