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2.If0<p<l:
oo k
—l—dx=lim idx

1 xP ko9l xP

s -
= lim
k—w| —p+1 1

=1im[ L, (kl‘”—l)]
k—o0 1—p
=oo (sincel-p>0).

The series diverges by the Integral Test.
If p<0, the series diverges by the nth-Term Test.
This completes the proof for p<1.

L Ifp=1:

w1 . (k1
——dx=1im | —dx
1 5P k—eovl x

k
- lim{1n] )
kl—ﬁlo n x]l
=limlnk = oo
k—oo
The series diverges by the Integral Test.

Exploration 2 The Maclaurin Series of a
Strange Function

1. Since £™(0)=0 for all n, the Maclaurin Series for £ has
all zero coefficients! The series is simply 20 o x" =0,
n=0
2. The series converges (to 0) for all values of x.

3. Since f(x)=0 only at x =0, the only place that this series
actually converges to f(x) is at x=0.

Quick Review 9.5

o w1 .
1. Converges, since it is of the form L " dx withp> 1.
x
. . . Lo 1
2. Diverges, limit comparison test with integral of —.
X
. . Lo 1
3. Diverges, comparison test with integral of — .
x

. I 2
4. Converges, comparison test with integral of —- .
x

. . . A 1
5. Diverges, limit comparison test with integral of T .
x

6. Yes. f(x)=§>0forx>0.
x

f’(x)=—iz<0forx;é0.
x

Therefore f is positive and decreasing on (0, o).

7. Yes. f(x)= xs >0 when x>0 and x* > 8,

% -
or when x<0 and x%<8.

2
Fo=167+8)

22240 for X2 #8.
(2 —8Y
Therefore, fis positive and decreasing on (2\/5 s °°).

(Also on (—2«/5 , O), but that is not the kind of interval we

are looking for.)

3+x2 b
8. No. f(x)=3—2>0 only when 3—x° >0, sof{x) is
-x

positivé only for —J3<x<A/3.

9. No. On any interval (N, «0), sinx will oscillate between —1

and 1, so f(x) will oscillate between positive and negative
values, as well.

10. No. x>1 implies 1 <l,s0 f(x)= ln(l) <0 forall x>1.
x x
Section 9.5 Exercises

1 .ok
1'-,.1 —%/—)_cdx—hm x dx

k—oo v

= lim [E 3 ]
k—oo| 2 1

= lim (3 K3 3(1))
k—yool 2 2

. e 1 . .
Since L —3\/-—;—dx diverges, it follows from the Integral Test
o 1
that Z— also diverges.
n=1 %/;

oo k
2, L x Py =tim | x¥dx

k—e0

1 T
= lim ["x—‘”]
koew| 2 A

1 1
= lim | ———t——
k-—)w( 2\/; 2\/IJ

=0+l
2

=1

T2

Since jlw xdx converges, it follows from the Integral

Test that Zn"m also converges.

n=1



3. 85 =1
1 3
Sy =l+=-==
2 272
Ss_Ll:ll
23 6
g =11,1_50_325
Y76 4 24 12
25 1 137
Sy="C 4 — =
12 5 60
g 137 1 _147
760 6 60

4. The quickest way is to use the calculator.
1xhal=T
H+1'3'N='F'+:lf"hl-3'T1.S

1.833333333
29550
Notice that T contains Sy.

Keep pressing ENTER until T > 4.

S.891456703
5. 927171839
798

3. 961653

3.994937131

4.827245195
51

31 is the first value of N for which Sy > 4.
Therefore, k= 31.

H

5. For n large, % behaves like E
n°+1 n

Let an=3z—_1 and b, =l.
n°+ n

n

Then a, >0 and b, >0 for n>0, and

_ 2
e= lim % = fim C1=D 4D
n—yoo bn n—yoo I/I'l
2 —
= lim ”(32” D tim 3”2 "
n—e p° 41 n—es p° 1]
;1
= lim i’ =
n-yco
1+ —
n2

Since 0 <c <o, and Zl divérges (by the p-Test),
n=1
33171 iverges by the Limit Comparison Test
T iverges by the Limit Comparison Test.

n=1
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n n

6. For n large, 2 behaves like 2~
" +1 3"

H n
Let a, = 2 and b, =2—.
3 +1 3

Then a, >0 and b, >0 for n=0, and
n H n 1
¢= tim 4 = gy (EVCOTD_ i, 27 3
now b, e (2)" n—ee 3" 41 20

3

3" . 1

3 n
Since 0 <c<eo, and 2(—) converges (geometric series
n=1
= o
with r=2/3), zn— converges by the Limit
3+l
Comparison Test.

7. Diverges.

Method 1: Use the Integral Test with J.:o % dx
X

- 1
Method 2: Use the Limit Comparison Test with z—
n=1

(which diverges by the p-test).

8. Diverges.

- 1
Method 1: Rewrite the series as 3 ZT and use the p-test.
n

n=1

Method 2: Use the Integral Test with Jr%dx
x

o 1
Method 3: Use the Direct Comparison Test with 2—
n=l1 \/;
(which diverges by the p-test).
o 1
Method 4: Use the Limit Comparison Test with Z———
n=l \/;

(which diverges by the p-test).

9. Diverges.

Method 1: Use the Integral Test with lel—rlﬁdx.
X

Method 2: Since Inn>1 for n> 3, use the Direct

=1 .
Comparison Test with z— (which diverges by the p-test).

n=1

Method 3: Use the Limit Comparison Test with 21
n=1

(which diverges by the p-test).
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10. Diverges. 16. Converges. Use the Limit Comparison Test.
3
-3
1 Let a, =2—5n————;l—and b, =i2
- n (n+2)(n°+5) n
w1
Method 2: Use the Limit Comparison Test with 2— Then a, >0andb, >0forn21, and
n=1 5 3
(which di by th ) c=lim 22 = lim n” = 3n =5
which diverges by the p-test). = o = P =
Method 3: Use the Direct Comparison Test: ) " b" =’ 420" +5n° + 100"
1 11
2n-1<2n= 12w Since 0 <c¢ <o and z— converges by the p-Test,
n=l1
Compare the given series with —2— (which diverges by - = Sn3—3n
) 2 5 5 e also converges.
the p-test). ‘= nt(n+ )(n® +5)
. . . . 1 17. Diverges. Use the nth-Term Test:
11. Diverges. Geometric series with r= - 1.44. 1
Ty
. . . 1 lim a, = lim = lim =—%0
12, Converges. Geometric series with »= 3 =~0.91. n—soo ne 3" nose 3 3
Since the sequence of terms does not converge to 0, the
13. Diverges by the nth-Term Test: series diverges.
lim nsin 1 = lim sin(l/n) = lim sinx =120 18, First, check if the series converges absolutely. (Use the
e n e 1/n -0 X
14. Converges. Limit Comparison Test with z— to show that 2———~
Method 1: Use the Integral Test: n=2
o gr k . n 1
j dx = lim tan™! (") diverges. So, Z(—l) —— does not converge absolutely.)
0 14 ¢2* koo 0 . ~ Inn
: ~Lg k -1
= ,}1_1330 tan™ (¢")—tan" (1) Next, use the Alternating Series Test.
_r r_T _ 1
_2 4—2 (1) un=m>0f0rn22.

Method 2: Use the Direct Comparison Test: . . . .
(2) We know that In x is an increasing function, so

en en 1 n
1
1+ezn<ezn—(e) n+l>n=In(n+1)>hn= < ——. Thus,

In(r+1) Inn

oo

. . . Y . . the u, are decreasing.
Compare the given series with 2(—) (geometric series " £

n=0\ € 1
1 3) limuy,=lim—=0
with 7= =0.37). noe 7 o lnn
e -
1
o ¥ Therefore, - — .
Method 3: Use the Limit Comparison Test with 2(1) eretore 22’( ) Inn COVErges
n=0\€ "=
19. Di by the nth-Term Test. Use L’Hdpital’s Rule t
(geometric series with r= 1 = 0.37). Lverges by the 1 . erm fest. Lse oplial’s Rule fen
e times to show that:
. x 10
15. Converges. lim 10 = lim M_ -
Method 1: Use the Direct Comparison Test: xee 310 xee 10!
Jno n 1
<3 =— This implies that hm a,|#0,s0 1 w107 diverges.
I SPIC R p | | 2( ) 0 g

n=1

. . o 1 .
Compare the given series with ZW (which converges
n=1

by the p-test).

o 1
Method 2: Use the Limit Comparison Test with ZW
n=]

(which converges by the p-test).



Jn+1
n+l’
then {un} is a decreasing sequence of positive terms with

20. Converges by the Alternating Series Test. If u, =

lim u, = 0. (To show thatu, is decreasing, let

n—yoo
Jx+1

f)= 1 and observe that
x
1
. <x+1)[ﬁ;—]—d§+1)(1) RN

(x+1)? 2x+12x

which is negative, at least for x 21.)

In In 1
21. Diverges by the nth-Term Test, since ne At -,
In n2 2Inn 2
which means each term is J_r%.
22, Diverges by the Limit Comparison Test.
1
Leta, =l—i2and b, =—.
n n n
Thena, >0 and b, >0 forn>2and
11
2 -
tim % = lim 2 = fim "L = i [1- L =1,
n—yoo bn e l e R n—seo n
R

Since an diverges, Za" also diverges.
n=1 n=1
23. Converges conditionally. First, check for absolute
convergence:

N (1,1
Z|an| = Z_: (; + n—z) diverges by the Direct Comparison
n=1

111 o 1
Test, since ; + n_2 > ; and Z; diverges (by the p-Test).

n=1

Therefore, Z(—l)" n_-|-2_1 does not converge absolutely.
n=1 n

Next, use the Alternating Series Test to check for

conditional convergence:

(¢} u,,=l+i2>0 Clear.
)

df1 1 1 2
2) —| —+— |=——5——=<0,for x>0. Thus, the u,
@ dx(x xz) 23

x
are decreasing.

24.

25.

26.
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1 1
3) limu, = lim (—+—2]= 0
n—eo —yo0

n n n

- n+l .
Therefore, E -1 —— converges. Truncation error
n
n=1

after 99 terms < |u100| =0.0101

Converges absolutely.

oo

Z|an[ = 2(0.1)" is a geometric series with r=0.1.

n=1 n=1

Truncation error after 99 terms < |u100| =107

Converges conditionally. First, check for absolute
convergence:

- = }
Zla,, | = z diverges by the Integral Test, since
n=2 n=2 ninn »

< 1 . ko
.[2 xlnxdx_ gl_r)?o[ln|lnx|:|2 -

1
nlnn

does not converge absolutely.

Therefore, 2:(—1)”1

n=2

Next, use the Alternating Series Test to check for
conditional convergence:

>0forn=2.

1
(1) u,=
nlnn

(2) In x is everywhere increasing, so
n+i>n=In(rn+1)>Inn

= ®+DIn(r+)>nlnn
1 1
= <
(n+1)In(n+1) nlnn
Thus, the u, are decreasing.

1
(3) limu, = lim =0
n—eo n—e nlnn
N 1
Therefore, —1"*! converges.
"2;;4( ) ninn &

Truncation error after 99 terms < |u100| =0.0022

Converges absolutely.

o0 oo

2 n
Z|a"| ZZ n? (E) converges by the Ratio Test, since
n=1 n=1
2 n+l 2
i EELC 2 (172
n° (213" n

n—oo 3 n—eo

Truncation error after 99 terms <u,,, = 2.46x1071
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27

28.

29.

30.

. Diverges by the nth-Term Test:

lim |a
n—soo

n! n n- 1 n-2 3 2 1
= lim — = lim . il
n—eo 21 n—eo 2 2 2 2 2 2

211m(£-1-1---1~1-%)= lim 2 = oo

n—>c0 n—e 4

Since the terms do not converge to 0,

z( 1)n+1

n=1

d1verges

Converges absolutely

|sm nl . .
< —-, use the Direct Comparison

Since [a | =
2 2
n n

o |
Test with ZT (which converges by the p-test).
n

Converges conditionally. First, check for absolute
convergence:

Yhal-Y

n=1 n=1

diverges by the Limit

Comparison Test (use 2 h which converges by the
n=1

p-Test).

Therefore, Z Sl

n=1
Next, use the Altematmg Series Test to check for
conditional convergence:

1
D u, =——e—
D u, idn
() n+i>n=Vn+1>Vn
=1+Jn+l>1+/n

1

1
5 <
l+Jn+1  1+n

Thus the u, are decreasing.

does not converge absolutely.

>0 Clear.

1
(3) lim u, = lim =
n—eo n—eo | 4 \/;

0

)
Therefore, Z converges.
1+ n

Converges absolutely.

wlcosmt|= |(—1)
2ol |2 i

n=!

1
2 JECR which converges by

the p-Test.

31.

32.

Converges conditionally.

Zl cos nr | 2| -1" :i% (which diverges by the
n=1 n=1

p-Test).

COSHTT
Therefore, E
n

n=1

does not converge absolutely.

Next, use the Alternating Series Test to show that

Z COSHTT z D"

n=1

converges. (See Example 4).

Converges conditionally. First, check for absolute
convergence:

2|a |—2 N J_ diverges by the Limit

n=1 n=1

=== and b, = !

\/_+«/n—+— Jn

Comparison Test. (Let a, =

Then

N

a,
c—hm—= im ————

n—e b, n—)m\/—+1/n+
—fim— -1
n—yoo 1
1+, 1+~
n

Sl
Since 0 <c <<oand ZT diverges (by the p-Test),
n

z 7 J__ also diverges.) Therefore,
+/n+1

n=1
( l)n
z ot does not converge absolutely.

Next, use the Alternating Series Test to check for
conditional convergence:

M u, >0 Clear.

J_ ,/
) Vn+l+ n+2>\/;+\/n+1

1 1
= <
Jo+tl+4n+2  Jn+dn+l

Thus, the u, are decreasing.

3) hmu = lim ————

n—se \/—+\/n+

Therefore, z \/_( i

converges.



33. The positive terms 2+ —4? + % +t+ 2n—+22 +-- diverge
3* 5 Q2r+1)
to co and the negative terms
2n+1 ’
—%—%—lz ----- 2T TR diverge to —co . Answers
2° 4% 6 (2n)

34.

35.

will vary. Here is one possibility.

(a) Add positive terms until the partial sum is greater than
2. Then add negative terms until the partial sum is less
than —2. Then add positive terms until the partial sum is
greater than 4. Then add negative terms until the partial
sum is less than —4. Repeat this process so that the
partial sums swing arbitrarily far in both directions.

(b) Add positive terms until the partial sum is greater
than 4. Then add negative terms until the partial sum is
less than 4. Continue in this manner indefinitely, always
closing in on 4.
The positive terms
1 1 1 1
+ + 4ot
3In3 S5InS 7In7 2rn+1)In2n+1)
to oo and the negative terms
1 1 1 1 .
- - - —— —-++ diverge to
2In2 4In4 6In6 (2n)In(2n)
—oo. Answers will vary. Here is one possibility.

+-.- diverge

(a) Add positive terms until the partial sum is greater
than 1. Then add negative terms until the partial sum is
less than —1. Then add positive terms until the partial
sum is greater than 2. Then add negative terms until the
partial sum is less than —2. Repeat this process so that
the partial sums swing arbitrarily far in both directions.

(b) Add positive terms until the partial sum is greater
than 4. Then add negative terms until the partial sum is
less than 4. Continue in this manner indefinitely, always
closing in on 4.

o0 oo
Zlan| =2|x|" , geometric series with = |x|
n=1

n=1

The series converges absolutely for |x| <1, diverges
for |x| 1.

(a) Interval of convergence: (-1,1)

(b) Series converges absolutely on (-1, 1)

(c) None

36.

37.

38.
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ZIa,J =2|x + SI" , geometric series with r = |x + 5‘.
n=1 n=1

This series converges absolutely for |x+ 5| <1, diverges
for |x+5|=1.

(a) Interval of convergence: (-6,—4)

(b) Series converges absolutely on (-6,—4)
(¢) None
Z|a,,| =Z|4x + 1|" , geometric series with r= |4x+ 1|.

n=1 n=1

The series converges absolutely for |4x + 1| <1, diverges
for [4x+1|21.

(a) Interval of convergence: (—1/2,0)

(b) Series converges absolutely on (—1/2,0)

(c) None
i|a | =i |3x — |" ; use the Ratio Test
n n ’ .
n=1 n=1
) l3x_2in+1 n
im .
noe nt+l o |3x-2)"
=|3x—2]+ lim ——=|3x -2
n—e g 41

The series converges absolutely for
|3x—2| <1, or xe(%,l);

the series diverges for |3x—2|>1

!
Check x=1 :z— diverges by the p-Test.
n

does not converge absolutely, but

n=1
1 > (—1)”

Check x=—: E
CCK X 3 - "

it converges conditionally by the Alternating Series Test.

1
(a) Interval of convergence: |:—3~,1)

(b) Series converges absolutely on (%,1)

1
(c) Series converges conditionally at x = 5
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39.

40.

41.

-2

N o |x-2
Z|a,, | = —-——‘ geometric series with r=
10

n=l n=1

. -2 .
The series converges absolutely for ad <1, diverges for

x=2
10

=1.

(a) Interval of convergence: (-8, 12)
(b) Series converges absolutely on (-8, 12)

(c) None

Yhal= 22

n=1 n=1

; use the Ratio Test.

n+l1

(n+1)|x] .n+2_| I n2+3n+2_|x|
o= nt3 n|x|"_ e 2430

The series converges absolutely for lx| <1, diverges for
|x| >1. At x==1, the series diverges by the nth-Term
Test.

(a) Interval of convergence: (-1, 1)

(b) Series converges absolutely on (-1, 1)

(¢) None

SR L
Z|an|=2n\/r—l3n

n=1 n=1
| |n+1 ] l’l\/;'?)n
n—)m (n+1) /n+ 3n+l |x|n

W, (o VA
=—lm|—| =—
3 noe\ n+1 3

The series converges absolutely for |x| <3, diverges for

; use the Ratio Test.

|x| >3. When ]x| =3, the series also converges absolutely

5N T N
because Z n 3 = Z REE which converges by the

n=1 n=1

p-Test.
(a) Interval of convergence: [-3, 3]
(b) Series converges absolutely on [-3, 3]

(c) None

4. Z|a |_Z

o Spol-3 L

44, 2|
n=1

| 2n+l1
; use the Ratio Test.

n=1

|x|2n+3 l .

1m | Tz
n—e (n+1)! |x| n—e n+1
The series converges absolutely for all real numbers.

(a) Interval of convergence: (—oo, o0)

(b) Series converges absolutely for all real numbers

(c) None

use the Ratio Test.

n=1
n+1

5”
n|x+ 3|"

|x+3| . ( 1] |x+3|
SR ST E P I i |
S noe n 5

The series converges absolutely for |x + 3| <5 and diverges
for |x+ 3| > 5. When |x+ 3| =35, the series diverges by the
nth-Term Test.

(n+1)[x+ 3|

lim ey

n—yeo

(a) Interval of convergence: (-8, 2)
(b) Series converges absolutely on (-8, 2)

(¢) None

Il
————— use the Ratio Test.

ot 1)1x|"+1 A1)
o0 4" [(n + 1)2 +11 nl

IXI . nP+nt+n+l le

==lim-—5——>——=">

4 nve=nd 202 +2n 4
The series converges absolutely for |x| <4 and diverges

for |x|> 4.

Check x=4: i

1 = . diverges by the Limit

Comparison Test (use zl, which converges by the
n=1

p-Test).

Check x=—4: 2( D' does not converge absolutely,

) n?+1
but it converges conditionally by the Alternating Series
Test.

(a) Interval of convergence: [—4, 4)
(b) Series converges absolutely on (—4, 4)

(c) Series converges conditionally at x=—4



!

45.

|ll

; use the Ratio Test.

z||

R | A G I A I
lim . =—lim ,/1+—=—
Heoo 3n+1 \/;[xln 3 noeo n 3

* The series converges absolutely for |x| <3 and diverges for

46.

47.

|x|>3. When |x|=3, the series diverges by the nth-Term
Test.

(a) Interval of convergence: (-3, 3)

(b) Series converges absolutely on (-3, 3)

(¢) None

2 |a,l| =nl|x~4["; use the Ratio Test.

n={

(e Dx—4f!
lim ————
e pllx -4

= lim (n + 1)|x— 4|
n—eo

_JO x=4
e x#4
(a) Series only converges at x =4

(b) Series converges absolutely at x =4
(c) None

2|‘1n |= z 2"(n+1)|x~1|"; use the Ratio Test.
n=1 n=1
2% (4 2) | — 1™
m 2 (A 2Dx-1
noe M (nt+Dx -1
=2h—ﬂﬁm(n+2) 20x-1]

n—e\ B+1

The series converges absolutely for Ix - 1| <% and diverges

for |x—1] > —. When |x—1|=—, the series diverges by the

nth-Term Test.

(a) Interval of convergence: (%, %)

(b) Series converges absolutely on (%, %)

(c) None

48.

49.
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2n+1

4x
2[ n|_z| 3/2

n=1 n=1

|4x _ 5|2n+3 n3/2 .

; use the Ratio Test.

m .
n—oo (n + 1)3/2 |4x_ 5|2n+1

3/2
) ~Jax—f

The series converges absolutely for

=Mx—ﬂ2hm[ z
n—se\ n+1

|4x - 5| <lorxe (1, %), the series diverges for

[4x-35]>1.
( 1)2n+1 <1
Check x=1: 2 7 =_2W converges absolutely
n=l P n=1

by the p-Test.

3 oo 12)H-1 oo 1
Check x= 3 :z —n = ZW converges absolutely by
n=1 n=l1 n

the p-Test.

(a) Interval of convergence: [1, %:I

(b) Series converges absolutely on [1, %jl

(c) None

S =322

n=1

n+1
lim ﬂ Jn
e fn+1

=|x+ 7| lim L£_=p+ﬂ
n—e \n+1

; use the Ratio Test.

lx+z["

The series converges absolutely for |x + 7r| <1, or

xe (—77:— 1,—7+1); the series diverges for |x+7|> 1.

Check x=-7m+1: 2 N diverges by the p-Test with

n=l1
1
p= 2
v D"

Check x=-x l,gi N
but it converges conditionally by the Alternating Series
Test.
(a) Interval of convergence: [-r—1, -7 +1)

does not converge absolutely,

(b) Series converges absolutely on (-7 —1,-7+1)

(c) Series converges conditionally at x=-7—1
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50. 2|an| = Z|In 1", geometric series with r=|Inx].
n=1 n=1

The series converges absolutely for |ln x| <1, or for

¢! <x<e'; the series diverges for |Inx|>1.

1
(a) Interval of convergence: (—~, e)
e

1
(b) Series converges absolutely on (—, e)
e

(c) None

51. n=13%10° » 365 » 24 + 3600 = 4.09968 10"
Inn+) <sum<Il+lnn

1n(4.09968 x10'7 + 1) < sum < 1 +1n(4.09968 x10'7)

40.5548...<sum < 41.5548...
40.554 <sum < 41.555

52. Comparing areas in the figures, we have for all

. n+l n
nx1, _[1 fydx<a; +:--+a, <al+'[1 f(x)dx.

If the integral diverges, it must go to infinity, and the first
inequality forces the partial sums of the series to go to
infinity as well, so the series is divergent. If the integral
converges, then the second inequality puts an upper bound
on the partial sums of the series, and since they are a
nondecreasing sequence, they must converge to a finite sum
for the series. (See the explanation preceding Exercises 61
and 62 in Section 9.4.)

53y

P

O N-1 N N+l N+2 n-1 n
Comparing areas in the figures, we have for all

n+l n
nZN,IN fdx<ay+--+a, <aN+J.Nf(x)alx.

If the integral diverges, it must go to infinity, and the first
inequality forces the partial sums of the series to go to
infinity as well, so the series is divergent. If the integral
converges, then the second inequality puts an upper bound
on the partial sums of the series, and since they are a
nondecreasing sequence, they must converge to a finite sum
for the series. (See the explanation preceding Exercises 61
and 62 in Section 9.4.)

54. (a) Diverges by the Limit Comparison Test.

Letag, =ﬁandkk =~kllT.Thenak >0

112
and b, >0 for k >1and lim %= lim —~ L

koow by, ke 2K+ T N2

SinceZbk diverges by the p-Test with p= %, Zak
k=1 k=1
also diverges.

(b) Diverges by the nth-Term Test, since

1Y
lim (1 + —J =e#0.
k—soo k

() Converges absolutely by the Direct Comparison Test, since
cosk 1 o 1
———=|<—fork=1and » —-converges

K +k| K ,E K &

by the p-Test with p=2.

(d) Diverges by the Integral Test, since

~ 18 . b
; = lim (18 1nin o] = <o,

d < n'|x+2/" .
55. 2|an| = ZWT" use the Ratio Test.
n=1 n=1 3"n!

. ()" 2|,,+1 3"p!
lim n+1 ¢ n
n—soee 3 (m+1)! n' |x+2|

n
_x+2] i 2D

3 e pt

n
=@1im (1+1)

n—eo n

|x+2|

=T—"lee=|x+2 E
3

The series converges absolutely for |x + 2| < 3 and diverges
e

for |x + 2| > E Therefore, the radius of convergence is 3/e.
e



56. ZI =3

n=1

T use the Ratio Test.

(DA™ a5

.
e (n+ 1)L 577 "

|x| . ( n )n
=—lm| —
5 nee\ n+1

—Mlim—~1 _]_xl

"5 poee 1Y 5e
()
n

The series converges absolutely for |x| < Se, diverges for

lxl > 5e. Therefore, the radius of convergence is Se.

57. One possible answer: Z
n=3
This series diverges by the integral test, since

ninn

o b
_[ ! dx = lim [ln |ln x|:| = oo, [ts partial sums are
3 xlnx b—se 3
roughly In(In n), so they are much smaller than the partial
sums for the harmonic series, which are about In .
1k
58. (a) q, = (- jo/ 6(kx)? dx

= DM 2k ]Zk

_(_T\kH Z
()

(b) The series converges by the Alternating Series Test.
(c) The first few partial sums are:

5 7 47 37

$;=2,5,=18, =§’S4 =E’S5 =%,Ss =30
Sy = 31 ,8g = 533 8o = _ 187 . For an alternating series,
210° 420 1260°

the sum is between any two adjacent partial sums, so

I1<S§; <sum <5, <%.

59. (a) Diverges by the Limit Comparison Test. Let

———andb, —.Then a, >0andb, >0 for
3n? +1 n

n
a, =

2

n21, and lim % =lim l.Since
n—e b, noe3n*+1 3

Zb" diverges, Zan diverges.

n=1 n=1
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®s=X 2oy

n=1 3 +1 n n=1 3n +1
This series converges by the Direct Comparison Test,

m 12 and Z — converges by the

n n=1 n

since

p-Test withp =2.

60. (a) From the list of Maclaurin series in Section 9.2,
2 3 n
In(l+x) = x - — 4+ 2 e (-1
2 3 n

| |n+1

= lim ——- " =|x|limL=|x|
n—)wn+1 |x|” n—eo B+ 1

M) lim |ZtL

n—o0

a,

The series converges for |x| <1 and diverges

for |x|>1.

(_1 n+1
Check x=1: z converges by the Alternating
n=1
Series Test.

v |
Check x=-1: - z— diverges by the p-Test.
n

n=1

The series converges for ~1 <x<1.

1
(c¢) To estimate ln%, we would let x= —2—

The truncation error is less than the magnitude of the
sixth nonzero term, or

6 1
— <0.002605.

Xl
6] 2°.6 384

Thus, a bound for the (absolute) truncation error is
0.002605.

l)n+1 2n

- o o ayntl e 2yn
«DZ( _1§ cred

1 2
=—In(1+
2 (I+x%)

n=1

1. tim| %ty 2B m&+2) ol
k—>w| a, l koo In (k+3) 2k|x‘k

The series converges absolutely for |x| < %, or —% <x< %

Check x= —l:
2

o (D e
E b converges by the Alternating Series Test.
o In(k+2)
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61. Continued

1
Check x=—:
ck x 5

2 diverges by the Direct Comparison Test,
o ln(k 2)

since L > 1 forall k=2, and zl diverges
In(k+2) %k ik

(harmonic).

1
The original series converges for —% <x< >

62. (a) The series converges by the Direct Comparison Test,

1
<— for n =3, and 2 — converges as a
nInn n? n?
n=3

since
p-series when p > 1.
(b) For p=1, the series is z . , which diverges by
i nlnn

the Integral Test, since

dx = lim [manx)] = oo,

jZ xInx
< 1
v nflnn

>

(¢) For 0 < p <1, we have. _,
n’Inn nlnn

diverges by the Direct Comparison Test with 2 I
Snlnn

from part (b).

2
,80 at x =1, the series is

63. In(l+x)= 3 (1" =

n=1

1 n+l . . .
2( ) . This series converges by the Alternating Series

Test.

2n+1

64. arctan x = 2 D"
n=0
At x =—1, the series is

= (=D (=1 2n+1 o o 1\
> D7D ==Y =D , which converges by the
jour 2n+1 w0 2n+1

2n+1

D

Alternating Series Test. At x = 1, the series is 2 il
)

which converges by the Alternating Series Test.

65. (a) It fails to satisfy u, >u,, foralln>N.

1) (o 1) 13 n
b) Th L)
®) esumls(z 3"] (2 2"] -13 1-12

n=1
2
-1
==
N L
66. True, Z"anl_;l o
Use the Ratio Test to find the endpoints.
2(n+1)
A 2t o

m ——
n—es 2(n+1) |x|2" n—eop+1

The series converges absolutely for |x|2< 1, or |x| <1.
The endpoints are x = *1. At both endpoints the series

et -1 n+l
equalszz( 2)
n

n=l

, which converges by the Alternating

Series Test.

13101
67. True. The next term is a;y; = Tor which is negative,

SO 819 must be greater than the sum of the series.

68. B. ZIa |_zn|2x 5’ , use the Ratio Test.

n+1

(n+l)|2x 5] n+2
e n+3 n|2x—5|n
2
= 2= 5[ tim T2 o]

ne n’+3n

The series converges absolutely when |2x - SI <1,

1
<=

or
2

5
-
2

69. A. The series converges absolutely for < %; the

5
X ——
2

series diverges at the endpoints by the nth-Term Test.
The interval of convergence is: 2 < x < 3.

70. E.

L 42 N diverges by the p-Test.

n=1

Ly e
L 2(1 4] converges (geometric series with
el

r=0.7).

L. 2

(or use the Alternating Series Test).

( n+1

converges absolutely by the p-Test



. o e e (1Y
71. B. The truncation error is 1_2131 = _2’101_ >

n

, (1) e
Notice that z (— E] is a geometric series with first
n=101

101
1 . 1
term (~ E] and constant ratio r=-— 2 It converges to

(_1)101 (1)101
2 2 = L Thus ! is the

( 1) 3 ‘_3.2100' 342100
1_ —__ —_
2 2

truncation error.

72. Answers will vary.

2 n, 2
(\/;) = —1~ The series
2 2

73.(a) lim gfa, = lim ¢

n—yeo n—yoo 2" n—)eo

converges.

n
[“ n 1
im 2 lim » = lim =- Th i
(b) n—eo n—eo (211 1) n—eo2n—1 2 © series

converges.

. . n
(¢) lim fa,= lim p—
n—eo, 1 odd n—e,nodd Y 2"

~ a1

m =
n—seo, nodd 2 2

. , 1 1
= lim p—=—
n—oo,neven | 27 2

. 1 .
Thus, lim ¥/a, = > so the series converges.
n—yoo

lim  %a,
n—oo, neven

74. @) lim 4o, = lim { =1 -1,

n—eo 4
The series converges absolutely if

I—I

<l,or-3<x<5.

Check x =-3: 2 (-1)" diverges.
n=0

Check x=5: Z 1" diverges.
n=0
The interval of convergence is (=3, 5).
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(b) hm ,/ = 11m n . 3’1

i =2
n—eo ltfn o 3
_x=2|
==
The series converges absolutely if

-2

<l,or—-1<x<S5.

o

(_ n
Check x=-1: 2

converges.

Check x=5: Zl diverges.
n=1 n

The interval of convergence is [-1, 5).
© hm Yla,|= 11m 42" |x" =2||. The series converges

absolutely if 2|x| <1, or —% <x< %

Check x = —%: 2(—1)" diverges.

n=1

Check x= %: 21 diverges.

n=1

The interval of convergence is (—%, 1)

2
. - . n n
(@ tim gfa, = lim gin 5
=|lnx|.
The series converges absolutely if
Ilnx|<1, or l<J\t<e.
e
1S 1Y
Check: x=~: 2 In—| = 2(—1) diverges.
€ n=0 € n=0

Check x=e: i (ln e)" = i 1" diverges.
n=0 n=0

. (1
The interval of convergence is (—, e].
e



