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3. Geometrically, we chart the progress of the partial sums as
in the figure below:
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4. The series converges at the right-hand endpoint. As shown
in the picture above, the partial sums are closing in on some
limit L as they oscillate left and right by constantly
decreasing amounts.

5. We know that the series does not converge absolutely at the
right-hand endpoint, because 21 diverges (Exploration 1
n

of this section).

Quick Review 9.4

nlx|

1. Tim ——t = x| lim —— =]
noen+1 n—eo g1
2y 2
2. limm=|x—3|-lim i
n—yeo n(n—l nee p” —p

=le—3)e lim —=|x—3
e 1
n
b’

3. lim——=0

n—e pl
(Note: This limit is similar to the limit which is discussed at
the end of Example 3 in Section 9.3.)

4 2 4 3 2
4.1im(n+1) X =x21imn +4n° +6n° +4n+1

n—yeo (2n)4 n—yee 16714
2
T
16) 16

2 l2x+1] [2x+1]

. l2x + 1|n+1
5. lim =
n—soo 2n+1 |2x + l|n n—oe 2 2

6. Since n* > 5n implies 1> 5,
take a, =n?,b,=5n and N=6.

*¥n

Then a, >b, forall n2N.

7. Clearly, as = bs. (They both equal 5.)
Using a calculator to graph the functions x° and 5%, we

see that 5% > x° for x> 5.
Take a,=5",b,=n> and N =6.
Then a, >b, forall n2N.

8. We showed in Section 8.3, Exercise 6 that Jx grows faster
than Inx. This and the fact that +/1 >1In1 tell us that
Jx>Inx forall x21 (Inx starts behind and will never
catch up).
Take a, =+/n,b, =Innand N =1. Then a, >b, for all
n=N.

i3
9. We showed in Exercise 3 that for any x, }E}I}O % =0.

Rewriting this limit:

0= lim 22 = fjm 2L
n—e pl n=yoo 1
10"
1
we see that — grows faster than —
n!
_ 1
Take a, = o and b, = o

Evaluate a, and b, for n=0,1,2,3,...

We see that 25 is the first value of n for which a, > b,.
Take N =25. Since a,s5 > b,s, and g, grows faster than b,
it follows that a, >b, forall n2N.

10. Since n% <n® forall n> 1, it follows that Lz > —13- =p
n° n

for n>2. Take a,,:iz,b,, =n" and N =2. Then
n
a,zb, forall n2N.

Section 9.4 Exercises

and

1. -6 < x < ~4; The graph of the function y= -
x+4

P;(x) illustrates the support.

_J
[ [

[-3,3] by [-2,2]

2. -1 < x < 1; The graph of the function y= % and Fy(x)
-X

illustrates the support.

1/

[;1, 11by [-5, 8]




3n 3n 3\n oo 3\n
3.2 <% ¢ @) and Z &) is the Taylor series for
2n!'+1  n! n! r i
3
e¢* which converges for all x.
2n 2\n
4. > < < (x i and 2 ) is the Taylor series for
’ n'+2 " n! n! 0 !
2
¢ which converges for all x.
5 (cos )" lcﬁi"— and Z— converges to e.
| onl+l nl ol 8
2 . n oo
6. 2sinx)” < jsin < 2 and z 2 converges to 2e.
nl+3 | n! n! n!

7. This is a geometric series which converges only for |x| <1,
so the radius of convergence is 1.

8. This is a geometric series which converges only for
|x + 5| <1, so the radius of convergence is 1.

9. This is a geometric series which converges only for

|—(4x + 1)| <1, or |x +?}: < 7::, so the radius of convergence
1
is —.
4
3% — 2n+1
10, tim |%21] gy P2 =3x-2
noe| @, | no= o ntl |3x 2
. 21 1
The series converges for |3x - 2| <1, or [x— 5 < 5, and

diverges for

2l 1 . L1
x——{>—, so the radius of convergence is —.

3] 3 3
11. This is a geometric series which converges only for

x=2 <1, or |x 2‘ <10, so the radius of convergence

10
is 10.
1
12, lim %) i @ ORI n+2
n—oe| a, n—o0 n+3 n|x|n

n+3n+2
Lin? i

ne 0t +3n

The series converges for Ix| <1 and diverges for |x| >1, so

the radius of convergence is 1.

1
13, lim %21~ jim — P LER

nw| @, | e (n+ D+l 37 ) |x"

. (_n_)m _H
3 noe\n+1 3

The series converges for |x| <3 and diverges for |x| >3, so

the radius of convergence is 3.

14. lim |

15,

16.
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I |2n+3 \ 2
n! X0
n—)w(n‘l-l)' ‘ |2"+1 lﬂitm‘o

n+1|___
el |

The series converges for all values of x, so the radius of
convergence is oo,

n+1

limla,,+1|= (n+1)x+3| 5"
n-e| a, bare s n|x+ 3
|x+3| n+l |x+3
LA Y TR A
n—e 1 5

The series converges for lx + 3| <5 and diverges for
|x + 3| > 35, so the radius of convergence is 5.

n+l1

(n+1)|x| 4@+
e (412 +1] nlaf
I | lim n3+n2+n+1 m
4 n—>°°n 34202420 4

lim Ia"“ I =
n—w| a,

The series converges for |x| <4 and diverges for |x| >4, so
the radius of convergence is 4.

n+l

17. limlan+11= lim (n+1)!|x...4|
n—oe| @, n—yeo n!|x_4|n
=lim (n+1)|x-4|
n=300
=00 (x£4)

18.

19

The series converges only for x = 4, so the radius of
convergence is 0.

an+1|= lim Vn+1|x["+1 . 3

lim |

el a, o0 3n+1 \/;|x|n
I i 0
3 n—yoo n
A
3

The series converges for le <3 and diverges for |x1 >3,

so the radius of convergence is 3.

llml n+l | = lim |( 2)“1‘(” + 2)|x— 1|"+1

noes| @, | e l( -2+ 1)|x—1["
n+2
e
=2|x—1|

The series converges for |x - II <% and diverges for

1
|x 1| , so the radius of convergence is 7
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2n+3 3/2
4x-5
20, tim %21 pim 142 o
n—oe| @, n—eo (n+1) |4x_ 5'
a2
=(4x—5)*+ lim (—J
n—e\ n+1
=(4x-5)*
The series converges for (4x— 5)2 <1, which is equivalent
to [4x—5| <1, or x—é <l and diverges for x—é > l
4] 4 4| 4

The radius of convergence is %

|x + n_|n+l \/’;

21. lim || lim .
|x+7xf"

n—eel a, noeo Jn+1

=|x+7]e lim ﬁil=p+n
n—yo0 n

The series converges for |x + 7r| <1 and diverges for

|x + 7r| >1, so the radius of convergence is 1.

. 2n+3
22, tim %t 1im o2 I
noe| a, H—yoo 2n+1 ‘x _ ﬁ|2;1+1
= lim l(x—x/i)2=l(x—\/§)2
n—c0 2 2

The series converges for %(x — \/5 )2 <1, which is
equivalent to ‘x - \/El < \/E , and diverges for
lx - \/-2—‘ > \/_2_ . The radius of convergence is \/E

23. This is a geometric series with first term ¢ = 1 and common
(-1 (x=1?*
4

ratio r= . It converges only when <], so

the interval of convergence is -1 <x < 3.

a 1 4
Sum=——= 5 = 2
1-r 1_(x—l) 4—(x—-1)
4
_ 4 _ 4
—x*+2x+3 ¥ -2x-3

24, This is a geometric series with first term ¢ = 1 and common

(x+1)? (x+1)?
9 9

ratio r= . It converges only when <1, so

the interval of convergence is —4 <x < 2.

a 1 9
Sum=-—= 5= 5
l=r " @+ 9-(x+])
9
9 9

—x*—2x+8  x®+2x-8

25. This is a geometric series with first term a = 1 and common

. x X
ratio r =———1. It converges only when |[——1/ <1, so

the interval of convergence is 0 <x < 16.

Sum-—i— ! = 2
1—r1_fﬁ J 4-+x

X
2

26. This is a geometric series with first term a = 1 and common

ratio » =In x. It converges only when ‘ln x| <1, sothe

. .1
interval of convergence is —< x <e.
e

Sum:iz !
1-r 1-Inx

27. This is a geometric series with first term a = 1 and common
2

. It converges only when a <1, which is

ratio

equivalent to —2 < x? < 4.1t is always true that x* > -2,
and xZ <4 implies that |x| <2, so the interval of
convergence is -2 <x < 2.

a 1 3 3
Sum=——-= 3 = 3 = 3
I-r | #-1 3-(-D 4-x
3

28. This is a geometric series with first term a = 1 and common

sinx sinx

ratio . Since < 1for all x, the interval of

convergence is —o0 < x < oo,

a 1 2
Sum=—-= - = -
—-r 1 sinx 2-sinx

2

29. Diverges by the nth-Term Test, since lim Ll =1=0.

n—e B+

n

30. Diverges by the nth-Term Test, since lim
n—e B4

=00, (The
1 (

Ratio Test can also be used.)

31. Converges by the Ratio Test, since
2 n
()i W

lim an+1 = lim
- 2n+1 n2 -1 2

n—ee @, n—yoeo

.. . . . 1
32. Converges, because it is a geometric series with r = g,

SO |r‘<1.



33. Converges by the Ratio Test, since

341 2
— ==<1.

N30 (3n+1 +1) 2n 3

n

a 2n+1

lim ntl _

n‘—>°° an

Alternate method: Note that

3" +1

oo n oo ¥l
Z[g\) converges, 2 3"2-:_ ]

n=1 n=1

Comparison Test.

34. Diverges by the nth-Term Test, since

lim nsin(l) = lim sin(l/n)
n—yeo n nw  (1/n)
‘ = lim 22* (where x = 1/n)
x—-0 X
=1£0

35. Converges by the Ratio Test, since

2 —n-1
Gyt _ lim (n+1)e

lim = T = el <.
e

n—oe g, n—eo n

36. Converges by the Ratio Test, since
10 n

Gl _ im (m+)” 10" 1

n—soo 10n+1 nlO 10

lim 2=
n—oo an

37. Converges by the Ratio Test, since

t 1n!3"
limm=lim (n+4)! .3.n.3
noe @, noe 3+ )13 (n+3)!
-5 n+4
n—e 3(n+1)
=1<1.
3

38. Diverges by the nth-Term Test, since

lim(l+lj =e#0.
n—eo n

.. . . . 2
39. Converges, because it is a geometric series with r=—

so |r|<1.
40. Diverges by the Ratio Test, since

—n—1

n+1le™”
Jim Zetl = mV( )
n—oo a

=lim (n+De’!
n—yoo

"—>°° nle” -
(The nth-Term Test can also be used.)

41. Diverges by the Ratio Test, since

n+l 3An
lim —z+L Dy _ = lim 341 . n_2_
noe a o (p])32M 30
3n°
= lim 5
e (n41)7(2)
= E >1.
2

(The nth-Term Test can also be used.)

converges by the Direct

< (%J for all 1. Since

s
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42. Converges by the Ratio Test, since

Jim i+l Gt _ (n+1)1n(n+l) 2"
n—ee @, n—)eo o+l nlnn
= 1lim n+l In(r+1)
h—yeo 2 n Inn
= lim l 1 1/(n+ D (L’Hopital’s Rule)
n—e 2 1 I/n
= —1- . l]m . n l < 1

2 noe n+l 2
43. Converges by the Ratio Test, since

lim Gyt _ lim (n+1)! .(2n+1)!
e n—e (2n+ 3)! n!
. n+l
=lim———
n—e 2n+3)(2n+2)

= lim n+l
noe 4n% +10n+2

= lim (L’Hopital’s Rule)
n—e 8n+10
=0<1

44. Converges by the Ratio Test, since

| n n
lim %2t o fi DLy, (0D 2
n—oeo g, n—reo (p+ 1)" nl noe (n+ 1)"
=lim (L) =lim ———
n-se0\ p+1 n—eo (1 + I/n)"
= 1 <1
[
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45. One possible answer: Zl diverges (see Exploration 1 in

n=1

this section) even though lim 1 =0.

n—oo p1

46. One possible answer:
Let ¢, =27™" and b, =37"

Then ) a and ) b are convergent geometric series, but
n n g g

n
a 3) . . . .
zb—” = Z(E) is a divergent geometric series.
n

47. Almost, but the Ratio Test won’t determine whether there

is convergence or divergence at the endpoints of the
interval.

< 4 1
48'21(4n—3)(4n+1) 2[4n 3 4n+1)

n= n=l1
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o 3
- 2(211 1)(2n+1 2’(Zn 1 2n+l]

n=1
s1=3—E

40n A B
2 2= 7 2
@rn-122n+1? @a-1* @Q2n+1)
AQn+1?+BQ2n-1)* =40n
n=—%=>4B=—20=>B=—5

n=%=>4B=20=>A=5

50.

oo

5
% 2n—- 1) (2n +1)? E{(Zn 1? (2n +1)? ]

5 =5—-5—

PSR TP

9/ {9 25 25
5, = 5_2 + E_i + i_i S_i
3707 9) 7 9 25) (25 49 49

s s S
" (2n+1)?
S=lims, =5
n—oo
51, 2n+l A, B

nPn+1? n® (n+1)?
A(n+1)? +Bn =2n+1
n=0=>A=1
n=—1=>B=-1

2n+1 -
n _2(—2—

ant ) o\n? (1)’ )

§3. 5y =———

+

eof L1 Lty t 1
2" (3 2, (In4 3) Ind4 In2

ol L (1 (L 1
35 3 m2) {in4 1n3) \In5 In4

1 1

1n5 In2
1 1

S n+2) In2

§=lims, L
n—oe In2

54, 5, =tan'1—tan™' 2= %— tan™' 2
§y = (tan'1 1-tan™! 2)+ (tan_1 2—tan!3)
=T tan™! 3
4
53 = (tan“1 1-tan™! 2)+ (tan_1 2—tan”! 3)
+ (tan"l 3—tan™! 4)

=2 _tan'4
4
S, = %— tan"l(n+1)
Vi3

S=lim s, =£—1im tan_1n=zz———7z=—~—
n—so0 4 noeo 4 2 4

55. True. See Theorem 8.
56. False. The power series
2 ¢, (x—a)" always converges at x = a. (The sum of the

n=0
series is ¢g.)

n+l i
57.B. lim % = lim > T ) A T
n—ee n—yoo (— 3)"+ f n—se0 —3 3
n+l
58.C. Tim || < 1imm 1223 "
nes| @, | moe  n+l |2x_3|”
=[2x—-3e hm —
oo 1+ 1
=[2x-3
The series converges for |2x - 3| <1, whichis
31 1
equivalent to [x— 3 < l, and diverges for |x——|>—.
2 2 2| 2

The radius of convergence is 1/2.
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59. E. Consider first the series Zla,,l = z [szlf xl
n

n=1 n=1

For any real number x, and for all n:
sinx|" 1 1
|2"nl : 2" n? < o

Since Z(%J converges, 2' I converges by the
- " n?

n—l
Direct Comparison Test.

Then, by Theorem 8, since z (sin

n=1
absolutely, it also converges.

> $L 1
& Gn- 1)(3n+2) 3n—1 3n+2

(1 1 (1 1) (1 1) 1 1
s3=|=—— |+ === |+ - |=2—-—
2 5 5 8 8 11) 2 11

s=tim(1-51 )=
nse\2 3n+2) 2

61. (a) For k <N, it’s obvious that

Sy=a++a, <a+-tay+ 2 C,.
n=N+1
Forall k>N,

Sy=aq++a, =a ++aytay,,++a

Sapt-tay teyytoto

<a t--tay+ 2 Cp
n=N+1

(b) Since all of the a, are nonnegative, the partial sums of
the series form a nondecreasing sequence of real
numbers. Part (a) shows that this sequence is bounded

above, so it must converge to a limit.
62. (a) For k <N, it’s obvious that

di+-+d, Sdi++dy+ Y, a,
n=N+1
Forall k>N,

di+-td,=d ++dy+dy, ++d,
Sdyt++dytay, tta,

Sdi+-+dy+ Y, a,
n=N+1

(b) If Zan converged, part (a) would imply
that Zd" was also convergent.

63. Answers will vary.

converges
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64. ——Zx

n=0
Differentiate:

1 C n-1
— = -V
a-xy* %
Multiply by x:

oo

X n
2 —an

(1 fond x) n=0
Differentiate:

i[x }awﬂmummﬁwn

dx\ (1-x)* (1-x*
(1 x)+2x _ x+1
(1-x)° (1 x)°
x+1 < 2 _n-1
=) n'x
(a-xy E
Multiply by x:
x(x+ 1) = inZXn
(1_x)3 n=0
Letx= l :
2

1(3

T
2 23 S (L
(%) n=0. [2]

oo D
n
6= —

n
n=0 2

The sum is 6.

Section 9.5 Testing Convergence at
Endpoints (pp. 5613-5256)

Exploration 1 The p-Series Test

413

1. We first note that the Integral Test applies to any series of

1 .
the form Z—p where p is positive. This is because the

n

function f(x)=x"? is continuous and positive for all x> 0,

and f'(x)=—p x P s negative for all x > 0.

Ifp>1:
k
o & —p+l
L ge=tim [*Lgx=tim| =
1 xP k—oovl xP k—w| —p+1 )

=lim ! -( 1 1)
k—se\1-p L

=0+—-—1-I (since p—1>0)

The series converges by the Integral Test.



