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6. Yes, since each expression for an nth derivative given by 3. f(0)=5sin(— x)l =—5sin x[ =0
the Quotient Rule will be a rational function whose , x=0 #=0
denominator is a power of x+1. f'(0)==5cosx|_;=-5

PO R o _ f7(0) _
7. No, since the function f(x) = |x2 - 4’ has a corner at x =2. f7(0)=35sin x|x=0 =0, so 2 0
s _ £ _5
8. Yes, since the derivatives of all orders for sin x and cos x J7(0)=5cos JClx=0 =35, s0 3 g
are defined for all values of x. (4)
F®(0)=-5sin x|,_,=0, so f—4$92 =0

9. Yes, since the function f(x)=e™* has derivatives of the

form £ (x) = —e™* for odd values of n and f™ (x)=e™*
for even values of 1, and both of these expressions are £(0.2)~ P, (0.2)=— 149 ~0.9933
defined for all values of x. 4 150

Py(x)= —5)c+%x3

4. Substituting x? for x in the Maclaurin series given for

10. No, since f(x)= x3/2, we have f’(x) = Exl/2 and
2 In(1+ x) at the end of Section 9.2, we have

7" — E ~1i/2 ” : . 252 253 2\n
f(x)= 4x , 80 f”(0) is undefined. in(l+x2) = x* - (x2) + (x3) e (= (x )- +
n
Section 9.3 Exercises o x* . 2 eyt 2 .
L fO=e>| =1 2 )
=
FO==2¢"]_ =2 Therefore, P, (x)=x’ - 52— and £(0.2) ~ P, (0.2) = 0.0392.
” _ —2x _ f”(o) _
f7(0)=4e x=0—4, so o) =2 5 f(0)=(1—x)'2\ _0=1
1" Q2 — f’”(o) _ _i =
U I T FO=20-v7_ =2
4) =
- o 2 ”
FOO=1667_ =16, 50 LoD rO=61-07_ =60 =3
4 2 y 4
Py(x)=1-2x+2x" - 22" + 220 f0=240-07 =240 L 3('0) -
x= .
f(0.2)=P,(0.2)=0.6704 F90)
@ 0)=1200- x)"ﬁj o =120, 80 S ==
Tx = 1
2. f@=cos=n =1 Py(x) =14+ 2x+3x% + 42" + 5x*
o T - . £(02)= P,(0.2)=1.56
F( )——5 sm—2—x=0_ .
w2 X w2 THOTE = 6. sinx—x+—
f70)=—=~ cos—~| =-— s0 I T=-"— 3!
4 2 x=0 4 2! 8 x3 x5 x2n+1 x}
3 107 = —_— _ln Foee [— -
0=""sin™ =0, so 70 _q AT QY aniDl X+
8 2 0 3! P 2n+l
4 4 (4) 4 = e (D) ———
FO0 =T s =T o O 500700 9 @n+1)!
16 2 =0 16 4! 384 Note: By replacing n with n + 2, the general term can be
2 4
P4 (x) =1- ?.Xl + % x4 written as (—l)n s
3 @n+5)!

f(0.2)=P,,(0.2)=0.9511



7.

8.

9.

10.

1.

. x2 X"
xet = x| 1+ x+—+-t—+-
2! n!

3 n+l
2. X
=xX+x"+—+-+
2!

+...
n!

cos? x = l +lcos 2x)
2 2

2 4
=%+1(1_@+@_

2n
! ---+<—1>"%+---]

2! 4! @2n)!

2n _2n
:1_—+__...+(_1)"27x+
! 2. (2n)!

4 22n—1 x2n

2n)! "

sin?x = 1 - lcos(2)c)
2 2

2 4 6
1_1{1_(2;0 L@0t @

220 2 e e
2n
+...+(_1)" (2x) o
2n)!
2 4 6 2n _2n
_ 4x _16x +64)6 _...+(_1)""1 L
2621 24! 246! 2+ (2n)!
4 6 2n-1_2n
- xz _x_+2i_...+(_1)""1 27x+
3 45 (2n)!
Note: By replacing n with n+1, the general term can be
22n+1 x2n+2
written as (—1)" ~———"—.
Qn+2)!

x2 2 1
=x
1-2x 1-2x

= X214+ 2x+ 2x)2 + -+ 20)" +-+]
=x2 4223 4 4xt o 2" 4
P; (x). Use the window [-0.5, 0.5] by [0, 0.001] to graph
Y, =[ln(l+x)=F,(x),n=1,2,3,...
The first graph that does not intersect the top of the window
is Y; =|In(1+x)- Py (x)|.
P10t FPlot2 POt

Ch—r
§i4+}€"5/5-—x"6zf6>

Formulas for Y5 and Y6 Graphs for Y5 and Y6 and Y7

14. \L —Py(x)
1-x
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12. P, (x). Use the window [— 7, 7] by [0, 0.001] to graph

[cos(x)— B, (x)],n=2,4,6,...
The first graph that does not intersect the top of the
window is |cos(x)— P, (x)|.

N \ =
Graphs of [cos(x) -F (x)l, cos(x)— Py (x)l and
|cos(x) - P, (x)]

B. f)=— =14+ 2x+2x) 4

1-2x

7
- Po] =207 +@x)® 4| = [ 22

1-2x

Forall xe (—-%, %), 1—2x> 0. Therefore the truncation

. 2|x|7
error is; ———
1-2x

10
X

1-x

=‘x10+x“+---‘=

For all x € (-1, 1), 1—x > 0. Therefore the truncation

10

. X
€rror 18: ———
—-X

15. 7 M =1and r=1, then ‘cos("+1)(t)| <Mr"™' =1forall 1,

since all derivatives of the cosine function are sine or cosine
functions bounded between —1 and 1.

16.1f M =1and r=5, then |f"*(0)| < Mr™" = 5" forall

since the (n + 1)st derivative of fis a sine or cosine function

(bounded between —1 and 1) times 5"* (the result of n+1
applications of the Chain Rule).

17.1f M =1land r=8then |f"* ()< Mr™"' = 8" forall s,

since the (n + 1)st derivative of fis a sine or cosine function

(bounded between —1 and 1) times 8" (the result of #+1
applications of the Chain Rule).
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18. Note that l f (”H)(t)l = |e5' . 5"+1|, which can be bounded
for all  between 0 and x by ‘es" . 5"“[ when x >0 and

by |e0 . 5"“’ when x <0. Thus, let M be the larger of the
two numbers {e*, 1} and let r = 5.

3

19. Let f(x)=sinx. Then P,(x)=P(x)=x— Z S0 we use

the Remainder Estimation Theorem with # = 4. (We use

P, instead of P; because it gives us a better range of x’s.)

Since ‘f(s) (x)' = [cos x| <1 forall x, we mayuse M =r=1,
5

I+

giving [R4 (x)| < S 50 we may assure that

5
|R4(x)| <5x 107 by requiring % <5%x107, or

lx| <3/0.06 ~0.5697. Thus, the absolute error is no greater

than 5 x 10™* when —0.56 < x < 0.56 (approximately).
Alternate method: Using graphing techniques,

3
sinx—(x—%} <5%107*| when -0.57 < x <0.57.

2

20.Let f(x)=cosx. Then P,(x)=P,(x)=1- % 50 we may

use the Remainder Estimation Theorem with n = 3. (We
use Pjinstead of P, because it gives us a better range

of x’s.) Since ‘ f (4)(x)| = |cos x| <1for all x, we may use

4
M=r=1, giving |R (x)| l | . For |x| <0.5, the absolute

. 0.5)* .
error is less than a1 =~ 0.0026 (approximately).

Alternate method: Using graphing techniques, we find that
when lxl <0.5,

2
cosx—[l——x—J
2
2
<lcos0.5 (1 - Q]
2

= 0.002583.

|error| =

21.

22

2
The quantity 1— % tends to be too small, as shown by the

2

graphs of y=cosx and y= 1—%.

AN
ZARX

[-7, 7] by [-1.5, 1.5]

Let f(x)=sinx. Then P,(x)= P (x)=x, so we may use the
Remainder Estimation Theorem with n =2. Since

f ”'(x)| = |— cos x[ <1 for all x, we may use M =r =1, giving
3
IR (x)| | I . Thus, for 'x‘ <1073, the maximum possible

=1.67x1071,

error is about

(107%’°
31!

Alternate method:
Using graphing techniques, we find that when

[ <107, ferror| =[sinx—x|<sin10 ~10?| = 1.67x10™,
The inequality x < sinx is true for x < 0, as we may see by

graphing y =sinx — x.

[-1073, 1073 by [-2 X 10710, 2 x 10719

. Let f(x)=+/1+x. Then Pl(x)=1+%, 5o we may use the

Remainder Estimation Theorem with n = 1. Since

@)= , which is less than 0.2538 for

—%(1+x)f3/2

le <0.01, we may use M =0.2538 and r =1, giving

0. 2538|x|
R @<=

. Thus, for |x| <0.01 the maximum

0.2538(0.01)%
21

possible absolute error is about ~1.27%x1075.



22, Continued

Alternate method:
Using graphing techniques, we find that when |x| <0.01,

Jm—(ug)
m_(l_ﬂj‘

lerror| =

<
2

~1.26x107.

2
23. Note that 1+x+ x? is the second order Taylor polynomial

for f(x)=¢" atx =0, so we may use the Remainder
Estimation Theorem with n=2. Since I f ”’(x)| =e*,
which is less than ¢! when |x|< 0.1, we may use M = !
0.1 | 13
3
0.1

e

and r=1, giving le(x)] < Thus, for ]x| <0.1, the

maximum possible error is about ~1.842x107%

2 n
24, Note that e” =1+x+%+---+x—'+... and
! n!

x x? n X" .
e =1—x+§—---+(—l) —'+--- Thus the terms with n
! n!

even will cancel for sinhx = %(e" —e~¥), and the terms

with » odd will cancel for cosh x = %(ex —-e ")

. x3 x5 x2n+1
sinhx=x+—+—+...+ +..
31 5 2n+D!
x2 x4 x2n
coshx=14+—+—+...+ +...
21 41 @2n)!

25. All of the derivatives of cosh x are either cosh x or sinh x.

For any real x, cosh x and sinh x are both bounded by e|x|.

So for any real x, let M = el"| and r=1 in the Remainder

]xl n+l

(n+1)!

Estimation Theorem. This gives ]R” (x)| < But for

e[x| |x|n+1

any fixed value of x, lim =0. It follows that the

noe (n+1)!
series converges to cosh x for all real values of x.
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26. For n=0, Taylor’s Theorem with Remainder says that if f

27.

28.

has derivatives of all orders in an open interval / containing
a, then for each x in I, f(x)= f(a)+ R(x), where

R(x)=f'(c)(x—a), so f(x)=fla)+ f'(c)(x—a) for
some ¢ between a and x. Letting b = x, this equation is
f(b)= f(a)+ f'(c)(b—a), which is equivalent to

o= TO-1@
b—-a

the class of functions that have derivatives of all orders in
an open interval containing a and b, the Mean Value

Theorem can be considered a special case of Taylor’s
Theorem.

for some ¢ between a and b. Thus, for

f(©)=In(cosx)|,o=In 1=0

oy L ; - -
()= m(—sﬂnx)[x:()_ —tanx| =0

1l @1

” —_ 2 -
f7(0)=—sec x‘x=0 Y 5

(@) Lx)=0
(b) Py(x)= —%ﬁ

(c) The graphs of the linear and quadratic approximations fit
the graph of the function near x = 0.

[-3,3]1by [-3, 1]
f(O) - esinx

x=0" eO =1

F(0)=e" cosx|,o=1

£70)=[ (%) (~sin x)+ (cos x)(e*™ cos x):” =L
S0 _

1

S0 ==
21 2

@ Lx)=1+=x

2
(b) Pz(x)=1+x+3‘—2—

(c) The graphs of the linear and quadratic approximations fit
the graph of the function near x = 0.

N

{-3,3}by [-1.3]
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29. f(0)=(1-x*)"?| =1

x0=X(— X2y |x=0 =0

FO==2 =¥ (2

F= (x)[—%(l—xzrﬂ2 (—2x>}+ 1-2%)2]p=1,
o O _1

2! 2

(a) L(x)=1

2
(b) Pz(x)=1+i2—

(c) The graphs of the linear and quadratic approximations fit
the graph of the function near x =0.

N4

(-3,3] by [-1, 3]
30. f(0)=secx|, =1

F(0)=secx tanx|x=0= 0
F7(0) = (sec x)(sec” x) + (tan x) (sec.x tanx)| .o =1,

. f”(O) 21
2! 2
(@) L(x)=1

2
(b) Pz(x)=1+"7

(c) The graphs of the linear and quadratic approximations fit .

the graph of the function near x = 0.
\k }/

[-3,3]by [-1,3]
31. f(0)=tanx|,_o=

@ =sec’ x|, o =1

F7(0)= (2 secx)(secx tanx)|,_,=0,s0 f”2('0) 0
(@) L&x)=x
() B, (x)=x

(c) The graphs of the linear and quadratic approximations fit
the graph of the function near x = 0.

T
AL/

[-3, 31 by [-2, 2]

2. f0)=+x)| =1

FO)=kA+x)"|, =k
£ =k(k-D(1+x) 2| o =k(k-D),

% S70) _ k(k-1)
21 2
Py(x)=1+hkc+——> k(k D 2

For k =3, we have f(x) = (1+x)* and f”(x)=6. We may
use the Remainder Estimation Theorem withn =2, M =6,

and r= 1, giving|R, (x)| < l | =|x*. (In this particular

case it is actually true that R2 (x)= x>, since f(x) is a cubic

polynomial.) Thus the absolute error is less than ﬁ

whenever |x|3 <0.01. In the interval [0, 1], this occurs
when 0<x <3/0.01~0.215.
Alternate method:

Note that P, (x)= 1+43x +3x2. Using graphing techniques,

(1400 = (1+3x+327)| < % when|x| < 0.215.

2 3

33, Letf(x):ex."[henP3(x)=1+x+%+%, SO We may use

the Remainder Estimation Theorem with # = 3. Since
‘ f (4)(x)| =¢*, which is no more than ¢%! when |x[ <0.1,

>l

we may use M =¢*! and r =1, giving |R3 (X)| < al

Thus, for |x| < 0.1, the maximum possible absolute error is

0.1 4
about % ~4.605%107°.

Alternate method:
Using graphing techniques, when |x| <0.1,

2 3

= ltx+ it

26
[ 0.01 0001)‘

ICITOI'| =

<le

1+0.14+—+——
2 6

=~4.251%1075.



34. Since the Maclaurin series is
1
= T X X
1-x
P3(x)=1+x+x2+x3.

Since 1 7@ (x)‘ =24(1-x)°, which is no more than
24(0.9)”° when |x|<0.1, we may use M =24(0.9)" and

240.9°)" o’

4| w Thus,

r=1, giving |R3 (x)| <

for |x| <0.1, an upper bound for the magnitude of the

4
approximation error is g—;? ~1.694x107%, Rounding up to

be safe, an upper bound is 1.70 X 107,
Alternate method:

Using graphing techniques, when |x| <0.1,

|error[ = T‘~1-—(1+x+x2+x3)
-X

<L 1111=1.11x107%
1-0.1

35. (a) No
(b) Yes, since
22 2w
Q:e—"2=1+(_x2)+( AP G 20 L
dx 2! n!
4 2n
=1—x2 +x__...+(_1)"x_+...
2! n!

The constant term of y is y(0) = 2, and we may obtain
the remaining terms of y by integrating the above series.
3 .5 2n+1
y:2+x_x_+x__...+(_1)"i__+...
3 10 (2n+n!
By substituting » — 1 for n, the general term may also be

x2n—l

written as (-1)" 1 ———
2n—1Xn—-1!

(c) The power series equals the function y for all real values

. . _x2
of x. This is because the series for ¢~ converges for

all real values of x, so Theorem 2 of Section 9.1 implies
that the new series also converges for all x.

36. (a) Substitute —x for x in the Maclaurin series for
In(1+ x) given at the end of Section 9.2.

Section 9.3

(b) In i+—x=ln(1+x)—ln(1—x)
—X

2 3 n
=(x_x_+x__...+(_1)”_1x_+...]
3 n

2
( 2,3 xn]
+H X+t Tt —
3 n
2)63 2x5 2x2n+1
=2x+——+—
3 5 2n+1

37. (a)

R
[ z,z]bytz,zl

The series approximates tan x.

N

~Er
[ 2’ z]by [-1,4]

The series approximates sec x.

38. False. If f’(a) happens to be 0, the linearization is a
constant function.

39. True. The coefficient of x is f’(0).

3 S
a0.0. 15- 1274 15" 1 001
3t sl
(12)
41. E. Coefficient of #2 =@ _ 1
12 1
12!
D0)=—""=12
fEO=1

42. B. Consider the graphs of Y; =|F; (x)— cos(x))|
and Y, =|Fy(x)—cos(x)| in the window [-7, 7] by
[0, 0.01]. The graph of y, intersects the top of the
window, but the graph of y,, does not, so 10 is the
smallest value of n for which the maximum possible
error on the interval [—7, 7] is less than 0.01.
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Flotl Plok2 Plotl
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43. A
44. (a) sin’(x)= %(1 —c0os2x)
2 4 6
_1_1[1_(2;0 Lt et

T2 2 21 41 6!
+(=1) ot ]

_ 4 162" 64x°  256x°
2021 2441 246! 248!
22nx2n
- +
2+ (2n)!
oot 4B
_—
45 315

N (_1)"+I 22n—1 x2n
2n)!

X
=xi-"—+
3

4

8
(b) 28inxcosx=i 2_r
dx 3

2%  x
+__—+...
45 315

+(=1)*! w IR
2n)!

4% 12x° 8x7

(c) Writing out the first few terms of the series for sin (2x)
and simplifying will show that the beginning terms

match. The tricky part is matching up the general terms.

It is helpful to take the series we got in part (b) and
carry it out to the (n+1)% term:

3 2n-1 . 2n—1
2sinxcosx = 2x—4i+~-+ =1y 27 e
3 @2n-1D!
Q2nD-1 | 2(n+)-1
e 2 X T
b CE+D-D!
3 2n-1 . 2n—-1
—ox- Py 2
3 @2n-1D!
+(—1)"+2 22n+1 R x2n—1
QRr+1)!
=2x_i3+... =1y @™
2n-1!
. (_l)n (2x)2n+1
Q2n+1)!

=sin2x

45. (a) It works. For example, let n =2. Then P =3.14 and
P +sin P = 3,141592653, which is accurate to more
than 6 decimal places.

(b) Let P=m+x where x is the error in the original

estimate. Then
P+sin P=(m+x)+sin(m+x)=mw+x—sinx

o

But by the Remainder Theorem, lx - sinxl < R

Therefore, the difference between the new estimate

3
P +sin P and nisl&ssthan%.
¥1e7®  (cos@+i sin@)+(cos (—6) +i sin (-6))
2
_cos@+isinf+cosf@—isind

2

46.(a) &

_2cos@

2
=cos@

¢ —e™®  (cos@+isind)—(cos (—8)+i sin(-6))
2i 2i
_(cos@+isinf)—(cos@—isinh)
2i

)

_ 2isin@

2i
=sinf

47, :—x[e‘” (cos bx +i sin bx)]

= (™ )(—b sin bx +ib cos bx) + (ae™ )(cos bx +1i sin bx)

= (e‘”‘)[(izb sin bx +ib cos bx)+ a(cos bx+i sin bx)]

= (e™)[ib(cos bx +i sin bx)+ a(cos bx +i sin bx))

= (a+ib)(e”)(cos bx+isin bx)

= (a-+ib)e >

48. (a) The derivative of the right-hand side is
a~ib N (1) S
a+ib e(a+1b)x - e(a+tb)x
a® +b? ¢ ) a*+b?

@ +b s
T+ p? ¢
— e(a-H'b)x,

which confirms the antiderivative formula.



48. Continued
(b) je‘“ cos bxdx+ije‘”‘ sin bx dx

- j‘ e(a+ib)x dx
a=ib (b
2 . 2¢

a“+b

_a-ib

a+b?

™ (cos bx +i sin bx)

ax .
= (%J(a cos bx+bsinbx—ib cos bx
a“+b
+ ia sin bx)

eax
=|——— |[(a cos bx+bsin bx
a* +b? [ )

+i(asinbx—b cos bx)]
Separating the real and imaginary parts gives

ax

J.e‘”‘ cos bx dx = 5 (a cos bx+b sin bx) and

a’+b

ax

je‘”‘ sin bx dx = > (asin bx—b cos bx)

a“+b

Quick Quiz Sections 9.1-9.3

1D 2 e z( J _e;in

n—0 1+_
62
3
2.A. 2-1x +62i+12x =2—x+3x% +2x°
sp la_ 1
x 1+(x-1

. . . . 1
Substitute (x—1) into the Maclaurin series for Tix to
X

obtain the series: 2 -D'(x-D"
n=0

4. (a) Since the series is geometric, it converges if and only if

|r| <1, where r= x_;—2

x+2

<1=>|x+2|<3=>—5<x<1. The interval of

convergence is (-5, 1).
(b) The series is geometric with first term 2 and common ratio

x+2 2 6
r= 3 It therefore converges to

1-

a2
3
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Section 9.4 Radius of Convergence
(pp. 503-512)

Exploration 1 Finishing the Proof of the
Ratio Test

1
+1 4 n
1.F :L= = lim ——=1.
01'2 n—eo l nglolon—{—]
n
1
(n+1)? n’
Forz— L=1im = lim =1.
n—oo i n—yeo (n+1)
2
k
2. (a)J' —dx—hm Il |=limink=-c.

k—e0

k] _ ( 1 ]
=lim| ~—+1/|=1.
1) koe\ k

3. Figure 9.14a shows that Zl is greater than
n

(b)j —dx~hm( X!

=1 . . . .
L — dx. Since the integral diverges, so must the series.
x

1 o
Figure 9.14b shows that 2—2 is less than 1+ L iz dx
n x

Since the integral converges, so must the series.

4. These two examples prove that L = 1 can be true for either a
divergent series or a convergent series. The Ratio Test itself
is therefore inconclusive when L = 1.

Exploration 2 Revisiting a Maclaurin Series
n

X
1. L=1lim—— = lim —
n—e n+1 | I" n—epn+1

l |n+1

|x[ |x| The series

converges absolutely when|x| <1,
so the radius of convergence is 1.

2. When x = -1, the series becomes

Each term in this series is the negative of the corresponding

term in the divergent series of Figure 9.14a. Just as 21
n

diverges to +eoo , this series diverges to —oo .



