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Section 9.1 Exercises

L. (a) Let u, represent the value of * in the nth-term, staﬂing

withn =1 Then - =1,-+=-1 1_1
u U, 4 u, 9
and —-i=——1—,so
Uy 16

U =1,u, =4,u; =9,and u, =16. We may write

u, =n?,or*=n?.

(b) Let u, represent the value of * in the nth-term, starting

with 1 =0. Then —1—=1,——1—=—1,l=1, and
u, u 4'u, 9
1 1
~—=-—,50 Uy =L u;=4,u, =9,and u, =16.
7N 16

We may write u, = (n+1)2,or &= (n+1)2.

(c) If # = 3, the series is

-’ (I—;)H—l)“ (;—21)+(—1)5 (-3_—21-)+

18 o mim L L L Ghich is the same
4* 4 9 16

as the desired series. Thus let * =3,

1

2. (a) Note that a, =1, a; = 5 a,= é, and so on. Thus

(b) Note that ¢, =1, a, = ——12—, a; = %, and so on. Thus

(__1)"—1
e
(c) Note that a; =5, a; =0.5, a, = 0.05, and so on. Thus

a, =50.1)" = %.

n—{
s 1
3. Different, since the terms of 2[——) alternate between

n=1

o n-1
positive and negative, while the terms of 2—(%) are

n=1
all negative.

4. The same, since both series can be represented

1 11
as l——+———+-,
2 4 8
5. The same, since both series can be represented
1 1 1
as I——+———+-,
2 4 8

= 1Y 111
6. Different, since 2(——2—J =1_E+Z_§+m

n=1
oo o NI
but ZQ_—_-_1+_1_'__1_+1_...
o ot 2 4 8
7. n term Partial sum
1 a =1 S =1
2 a,=1.1 S, =1+1.1=21
3 az;=1.11 S3=2.1+1.11=3.21
4 a, =1.111 S, =3.21+1.111=4.321
We see that §; > 1
S, >2
S3>3
S,>n
So lim S, > lim n= oo
n—yo0 n—yo0
The series diverges.
8 =n term Partial sum
1 a=2 S =2
2 a,=-1 S,=2-1=1
3 a3=1 Sy=1+1=2
4 ay=-1 S,=2-1=1
5 as=1 Ss=1+1=2
We see that the sequence of partial sums is
2,1,2,1,2,1 ., which has no limit. Since the sequence of
partial sums has no limit, the series diverges.
9. n term Partial sum
1 1 1 1
a == Sj=-=1-—
2 2 2
2 1 11 1
ay =— S2=_+_=E=1'—_
4 2 4 4 4
3
g=l 23,171
4 8 8 8

lim S, = lim [l—(lj ]:1—0:1
n—so0 >0 2

Since the sequence of partial sums converges the series
converges. (The sum of the series is 1.)



10. The partial sums are 3, 3.5, 3.55, 3.555, etc. The limit of

the partial sums is 3.5, or 3%. The series converges.

2 2\
11. Geometric series with = 5, a= (5] =1.

oo 2 n 1
Converges: 2(5) =—F= 3
n=0 1——
3
12. Diverges, because the terms do not approach zero.

0
13. Geometric series with r= -2—, a= «5—(2) = 2
3 413

5
oo n =
Converges: 2(2](2) =L=£
pr N PANC 4

14. Geometric series with r = % >1. Diverges.

15. Diverges, because the terms alternate between 1 and -1 and
do not approach zero.

16. Geometric series with r=-0.1and a = 3(—0‘1)0 =3.
3 3 3 30

c ¥ 3(-0.1)" = === =1
onverges Z:')( ) 1-(-0.1) 1.1 11/10 11

17. Geometric series with r = —L anda=1.
V2

Converges, since Irl=—==0.707 < 1:
& V2

18. lima, = lim ——=1#0
n—yea n—yo L4

Since the sequence of terms does not approach 0, the
series diverges.

i
19. Geometric series with r=—=0.865<1, and a= (—e—] .
/4
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: 0
20. Geometric series with r= é anda= l(éj = l
6 6\ 6 6

1
oo n o 175 n E;
C Y=Y 2| ==L
onverges ’%6"“ ’2)6(6) 1__—5~
6

21. Since 2 2" x" = 2 (2x)", the series converges when
n=0 n=0

|2xl <1 and the interval of convergence is (-%, %) . Since

the sum of the series is

o the series represents the
-2x

1 1

1
functi =, ——<x<—.
ction f(x) —2x’ 2 x >

22, Since 2 DM x+D" = 2 [—(x +1)]", the series converges
n=0 n=0

when [—(x + 1)| <1 and the interval of convergence is

1
I-[-(x+1] x+2°

(-2, 0). Since the sum of the series is

the series represents the function f (x) = %, -2<x<0.
x

oo n oo n
23. Since 2[—%) (x—3)" = 2(3_7)6) , the series

n=0 n=0
converges when 3= <1 and the interval of convergence
. . _ 2
is (1, 5). Since the sum of the series is —————=——,
. 1- B-x) x-1
2

the series represents the function f(x) = —2—1 1<x<5.
x—

<1

o0 n

24. For 23(%_1] , the series converges when
n=0

and the interval of convergence is (-1, 3). Since the sum of

the series is , the series represents the

L_G=D 3-x
2
functionf(x)=——6——,—1 <x<3.
3—x
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25. Since ZSin"x = Z(Sin x)", the series converges when
n=0 n=0

’sinx| < 1. Thus, the series converges for all values of x

except odd integer multiples of %, thatis, x # (2k+ I)E

for integers k. Since the sum of the series is , the

—sinx
series represents the function

J) =

L z@k+nE
X 2

26. Since z tan"x = 2 (tanx)”, the series converges when
n=0 n=0
|tanx| < 1. Thus, the series converges for

) +kr<x< Z + km, where k is an integer. Since the sum

of the series is

, the series represents the function

—tanx
foy=——, T
1-tanx 4
27. =
fx)= - 2x
=22"x",—l<x<l
2 2

n=0

ﬂ( ! )=i(1+2x+4x2+8x3+-~+2"x"+---)
x\1-2x) dx

%=2+8x+24x2+-~-+2"nx"—1+~--
(1-2x)
, 2
xX)=—
F(x) 217
—22” " ——<x<l
n=1 2 2
! w
28. = e = -D'(x+1D", -2<x<0
‘f(x) — 2})( ) (x+1) x

daf 1 3\ dg 2 3
dx(x+2)_dx(1 D)+ (x+ 12 = (x+1)
ok (1) (D) )

=—14+2(x+1)=3(x+1)2 +--

C(x+2)?
+ (=) e+ )+
’ 1 oo n n—
f(x)=—(x+2)2 =,§i(_1) a(x+1)"1,-2<x<0

29. f(x)—i—i(——J x=-3)",1<x<5

X n—o 2

1
2 d

+- +( 1) (x—3)”+--~J

e TG BT

+---+(—%) n(x—3)""+

(x -3y

’ o 2 '=°° _ln _ oyt
fx)= T é( 2) n(x-3""!1<x<5
30. f(x)—3 x—ﬂ}:‘) ( ) ,—l<x<3
2
i[ +3(x_—1]
3 x) dx 2

5 1)"
-+ 3 e
2

6 3 (x-1 3 (x-1)""
s=—+3| — |+ t+ton|— | +
3-x?2 2 2 27 2

' 3 x—1 n-1 .
flx)= —( 3 EEH(T) ,—1<x<3
n n _ l
(x)—— 22 <x<2

The series is centered at 0, that is, a = 0. We need to find the

power series for J: f@)dr.

* 1 _ * 2 L nano
——t = (1+2t+4l‘ +8t7+-- 42"+ -')dl‘
01-2¢ 0

1 X 2 4 3 47 2” n+l *
——Infl-2A] =t+2 +—£2+2t 4 b =1t
2 0 3 n+1 X
F 25" o2yt
n+1

3

—lln|1—2x|=x+x2 +%x

2 x'”"l,—l<x,<l
n+1 2 2
n= 0

——1n|2x 1=



1 o
32, f(x)=——= -D"(x+1",-2<x<0
fo=— %( ) (x+1)
The power series is centered at —1, that is, a = —1. We need

to find the power series for J.Xl f®ar:

BN N L 2 3
_1t+2dt_j_1(1 G+ +1 —(2+1)
+ood (D@D 40 de

ln|t+2|:|: =[t—%(z+l)2 +%(z:+1)3—%(t+1)4

S "
oot (t+1)"+l+--':|
n+1 "

e (D) 1 L )P = )
Inft 2= x= (D=2 G D + 21 =2 (4D
D"

ood 2 (x+D" 4o
n+1

o (D" +1
Infx+2|= 2—(x+ D"
o n+l

X

2 _wf 1Y
33 fx)=—= - (x=-3)",1<x<5
fOy=—= ZO( 2)( )
The power series is centered at 3, that is, a = 3. We need to

find the power series for J: f@®)de:

*2 o (i e a2l a3
Lt—ldt— 3(1 =+ (=3~ (=3)

+~-+(—%)n (t—3)"~--]dt

21n|t—1|:|;=[t—%(t—3)2+—1—1-2—(t—3)3— !

R
32(1‘ 3)

n o, ayntl *
+...+(_l) =3 ...
2 n+l X
21n|x—1|—21n2=x—3—%(x—3)2+%(x—3)3
1 4
——(x-3)" +.--
32(x )
n _ oyl
+(_l) G=3 L
2 n+1

el n _ qyntl
:2(__1_J ,(xi,l<x<5
2 n+l1

n=0

x—1

2

21n

34. f(x)=3—6-—— 23(
=0

35.

36.

37.
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x—1
2
The power series is centered at 1, that is, a =1. We need to

n
= ) ,—1<x<3
-x 4

find the power series for _[lx f()dr:
x 6

2 3 n+1 *
= 3t+3[g) +2(t_11) ++___6_._(f:.1.] EEPP
2 2 n+l1\ 2

1
-61n|3- 2|+ 61n2

2 3 n+l
=3x-—-3+3(_'x;.1‘) +2(x__._1_) ++__6__(E) +
2 2 n+l\ 2

oo ntl
_6ln3—x=2L[x__1J ,—1l<x<3
2 o+ 2
or
o0 n+l
61n 2 =2_6_(_x_—_1) ,—l<x<3
|x=3|) Zn+1\ 2

(a) Since the terms are all positive and do not approach
zero, the partial sums tend toward infinity.

(b) The partial sums are alternately 1 and O.

(c) The partial sums alternate between positive and negative
while their magnitude increases toward infinity.

Since i
n=0

enﬂ'

P n
e’ - S
=2 — | , this is a geometric series with
ne e
" o\
T

. e L
common ratio r =——= 1.03, which is greater than one.
n

oo

2x"=20
n=0
1
— =20, |x|<1
1-x
1=20-20x
20x=19
19

x=
20
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38. One possible answer:
For any real number a # 0,
use 242424249 4o To get 0,
2 4 8 16 32
1 1.1 1 1

use 1-———————— .
24 8 16 32

39. Assuming the series begins atn =1;

@ 2= 2 s <1
n=1

1-r
2=
S5r=

—5r

Series: iZ( )

n=l

_.u.“,;wux

13
(lu)z13 P2 =5 )<l
.2 1-r
E—5—5r
2
5r=—E
2
3
F=——
10

n—-1
Series: 2 123( 130J

n=1

40, Let a-A and r= L ——, giving
100 100

0.21=0.21+0.21(0.01)+0.21(0.01)*
+0.21(0.01) +---

=Y 0.21(0.01)"
n=0
021

“1-001
021

0.99
7

KR

41.Let a= 2—34— and r= L, giving
1000 1000

0.234 = 0.234 4 0.234(0.001) + 0.234(0.001)?
+0.234(0.001)% +- -

=Y 0.234(0.001)"
n=0
_ 0234

1-0.001
0.234

0.999
26

Tl

42. 0.7=0.7+0.7(0.1)+0.7(0.1)* +0.7(0.1)° +

=S 0701

n=0

d
43. Od—-—+~— 0.1 % 0.2 +=(0.1)% +---
m 10( ) ( ) 10( )

44. 0.06 = 0.06+0.06(0.1)+ 0.06(0.1)> + 0.06(0.1)* +---

= 0.06(0.1"
n=0
10.06
T1-01
0.06

09
1

Y

45. 1414 =1+0.414 +0.414(0.001) + 0.414(0.001)* +- -

=1+ 20 414(0.001)"
n=0
0414

+
1-0.001

—1+£
111
_157

11t

46. 1.24123=1.24+0.00123 +0.00123(0.001)
+0.00123(0.001)? +---

=124+ Y 0.00123(0.001)"
n=1

—124+ 0.00123
0.999

124 41
=—+

100 * 33,300
41,333

33,300




47. 3.142857 = 3+0.142857(1+ 0.000001+0.000001% +---)

=3+0.142857 Y 0.000001"
n=0
=3+(0.142857)| —————
1-0.000001
0.142857

0.999999

—34+1
7
2

7

48. Total distance =4+ 2[4(0.6) + 4(0.6) +4(0.6)> +--]

=4+2 2.4(0.6)"
n=0

=442 24
1-0.6

=4+2+6
=16 m

49. Total time
_ \/Z . 2[ [406) , /4(0.6)2 . [40.6) +}
4.9 4.9 4.9 4.9
_ 4 [406) 2
_\/:;+2 45 [1+4/0.6+(0.6)" +...]
_[4 . [a0e 1
_\/;” 49 1-Jo6

=~7.113 sec
50.f

The area of each square is half of the area of the preceding
square (see diagram above), so the total of all the areas is

5(5)
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- 2
51. Total area =z2" N TE(L]

0

=
Il
et

Il 11
=
LM LM
L NI S L
—
N =
~—

i
L

52.(a) S—rS=(a+ar+ar*+ar’++ar"? +ar" )
—(ar+ar* +ar’ +ar* +-+ar" +ar")
=ag—ar"
(b) Factor and divide by 1—r:

S—-rS=a—ar"

SQ-r)=a-ar”
S= a—ar”
1-r

53. Using the notation S, = a+ar+ ar? +ar® +-+ar"!, the

n
. . a-ar
formula from Exercise 52 is S, =
-r
If |r’ <1, then lim 7" =0 and so
n—eo
= a—-ar" a
Yar"!=1im§, = lim =
n—eo noe 1—r 1—r

n=1
If |r| >1 orr=-1, then r" has no finite limit as # — oo, so

oo

has no finite limit and z:ar"_l

n=1

a—-ar”"

the expression
—-r

diverges.
If r =1, then the nth partial sum is na, which goes to oo,
depending on the sign of a.

54, Comparing—— with —%—, the leading term s
14+3x 1-r

a =1and the common ratio is r = —3x.
Series: 1—3x+9x2 — -+ (=3x)" +--
Interval: The series converges when|—3x| <1,s0 the

. . 11
interval of convergence is ~33/
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55. Comparing Lwith——fl—--,the fisttermisa = x
1-2x 1-r

and the commonratiois r = 2x.
Series: x+2x% +4x3 + -+ 2" x4
Interval: The series converges when |2x‘ <1, so the

. . 11
interval of convergence is 532

56. Comparing ) 3 3 Wwith IL’ the first term is ¢ = 3 and the
—x —r

common ratio is r = x°.

Series: 3+3x> +3x% +- -+ 32> 4.

Interval: The series converges when ‘x3l <1, so the interval
of convergénce is (-1, 1).

———— with L, the first termisa =1
1+(x-4) 1-r

and the common ratio is r=—(x—4).
Series: 1—(x—4)+(x—=4)? = -+ (=D"(x—=4)" +---

Interval: The series converges when |x - 4| <1, sothe

57. Comparing

interval of convergence is (3, 5).

58. Comparing r_r with L, the first term is
4\ 1+(x-1 1-r

a=% and the common ratio is r=—-(x—1).

.11 1 2 1

Series: —~—(x=D+=(x =D~ +—=(=D"(x=1)" +--
ies: - 4(x )4(x ) 4( Y (x-1

Interval: The series converges when !x - 1| <1, sothe
interval of convergence is (0, 2).
.. 1 1
59. Rewriting —— as ——
2—x 1-(x-1)
the first term is @ = 1 and the common ratio is r=x-1.

and comparing with li’
—-r

Series: 1+ (x— D+ (x =12+ 4 (x=1)" +---
Interval: The series converges when ]x - 1! <1, sothe

interval of convergence is (0, 2).
Alternate solution:

Rewriting ZL as % 1 ( fj and comparing with

a . 1 .. X
T the firstis a= 2 and the common ratio is r = E
~r

Series: l+lx+lx2+~--+ixn e
2 4 8 2n+1

X

Interval: The series converges when 5 <1, so the interval

of convergence is (-2, 2).

60. 1+e” +e? +e% 4= Y ()

n=0
1
- 1-¢* =9
1=9-9¢
9¢" =
F=2
9

oo n
61.(a)Whenz=1,S=z(1)= L _,
n=02

(b) S converges when . <1
t+1
Equivalently: Lj—l >1
1+1 >1
t
1 1
1+-<-1 OR 1+->1
t t
1<—2 l>O
t t
t>—l t>0
2

Thus, S converges for all 7> —%.

(¢) For t> —%, we have

oo n
s:Z LI I R L =1+t, s0 5> 10
t (1+8)~—¢

n=0 1+2 1-—
1+t
when 7> 9.
62. (a) The series converges to S means that lim,_,_S, =S,

k=n
where S, = Zak is the nth partial sum of the series.
k=1

() S, =(a,++a, )ta, =5, +aq,
(C) limn—-)txv Sn = lim

S=S8+lm

S +lim a, so

n—ee ¥ n—1 n—e “n

a, orlim a =0

n—eo R Hn—eo R



63. Since l=1—(x—1)+(x—1)2—(16—1)3"""
x

+(—1)"(x—1)" +---, we may write:

12 133
= [ dar=x-1- 820 20

14 1V (4 1\0HL
C N G Vil c ol
4 n+l
64. To determine our starting point, we note that
[ r0dx = [20- %) dx = (1-x) +C. Using the result

from Example 4, we have:

A=-x)2 =14 2x+3x> +4x° +- o nx" 4o

%(1—@‘2 =§x—(l+2x+3x2 +Ax et ™ )
20-x)2 = 04+ 2+6x+12x2 +---+n(m—1)x" 2 +---
Thus, f(x)=2+6x+12x% +--+n(n-Dx" 2 +....
Replacing n by n + 2, this may be written as
F)=246x+12x" +(n+2)(n+Dx" +--.

Interval: The series converges when |x| <1, so the interval
of convergence is (-1, 1).

65. (a) No, because if you differentiate it again, you would
have the original series for f, but by Theorem 1, that
would have to converge for -2 < x < 2, which
contradicts the assumption that the original series
converges only for -1 <x < 1.

(b) No, because if you integrate it again, you would have
the original series for f, but by Theorem 2, that would
have to converge for —2 < x < 2, which contradicts the
assumption that the original series converges only
for-1<x<1.

66, False. It diverges because it is a geometric series with ratio
r=1.01>1.

67. False. It converges because it is a geometric series with

ratior=l<1.
2

68.C. — =3
1-1/3 213 2

69. A. Converges for [x—1|<1,or0<x<2.

1 1

70.E. —————=
1-(x-1) 2-x

71. D. The function must be the antiderivative of ZL that

passes through the point (1, 0), and that function
is ~In(2—x).
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72. (a) Comparing f(t) = liz with IL’ the first term is
+¢ -

r

a = 4 and the common ratio is r = —*.

First four terms: 4— 4% + 4t — 445
General term: (=1)" (4¢*")
(b) Note that G(0) = 0, so the constant term of the power

series for G(x) will be 0. Integrate the terms for f(x) to
obtain the terms for G(x).

First four terms: 4x— ix3 + ix5 - ix7
3 5 7

General term: (—1)" _4 el
2n+1

(¢) The series in part (a) converges when ‘—tzl <1, sothe

interval of convergence is (-1, 1).

(d) The two numbers are x = %1, which result in the
convergent series

Gy=a-20 2ty =2 |+ and
3°5 7 2n+1

G(—1)=—4+i—i+i—-~+(—1)”‘1 4 +o,
35 7 2n+1

respectively.

73.Let L= lim a,. Then by definition of convergence, for %
n—oo

there corresponds an N such that for all m and #,

n,m>N=>|am—L]<§and|an—L|<§. Now,

€

2

|a"l - anl = |a"l =€

€
—L+L—a"| Slam —L|+|a" ~L| < §+
whenever m > N and n > N.
74. Given an € >0, by definition of convergence there

corresponds an N such that for all n <N, ’Ll - an| <€ and

|L2 - anl < €. (There is one such number for each series,
and we may let N be the larger of the two numbers.) Now
L, -L|=|L,~a,+a,- L
S|L2 —an’+|a" -L,
<e+e
=2e

|L2 - L1| < 2€ says that the difference between two fixed

values is smaller than any positive number 2¢ . The only
nonnegative number smaller than every positive number

is0,50 |L,~L|=00r L = L,.
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75. Consider the two subsequences By and Gi(ny> where
lim a,,, =L, lim g,y =L,,and L, # L,. Givenan € > 0
n—yeo H—yoo

there corresponds an N, such that for k(n) > N,,

Iak(n) - Lll <€, and an N, such that for i(n) > N,,

la,.(n) - Lz‘ <e&. Assume g, converges.

Let N =max {Nl, Nz}. Then for n> N, we have that

Ian - Lll <eand |an _Lzl < € for infinitely many ». This

implies that lim g, = L, and lim q, = L, where L, # L,.
fi=3o0 nepoo

Since the limit of a sequence is unique (by Exercise 74),
a, does not converge and hence diverges.

76. (@) lim a, = lim 0D, n
n—oo nse (n+1) 1/n

1
. 3+; 3+0
= lim =—
n—)ool l 1+0
n

(b) We showed in part (a) that lim a, = 3.

n—oc
A similar calculation would show that
fim £(x)= lim > = 3
x—do0 x—=e x+1
This tells us that as x gets infinitely large, the graph
y= f(x) gets infinitely close to the line y = 3. This is
exactly what it means for y=3 to be a horizontal

asymptote of the graph.
Section 9.2 Taylor Series (pp. 484-494)

Exploration 1 Designing a Polynomial
to Specifications

1. Since P(0) = 1, we know that the constant coefficient is 1.
Since P’(0) =2, we know that the coefficient of x is 2.

Since P”(0)=13, we know that the coefficient of x° is %

(The 2 in the denominator is needed to cancel the factor

of 2 that results from differentiating x%) Similarly, we find

the coefficients of x* and x* to be 4 and i
6 24
Thus, P(x)=1+2x + 32 + 233 4 24,
2 6 24

Exploration 2 A Power Series for the Cosine
1. cos(0)=1
cos’(0)=—sin(0)=0
cos”(0)=—cos(0)=-1
cos®(0) = sin(0) =0

etc.
The pattern 1, 0, -1, O will repeat forever. Therefore,
2 4 6
X X . .
By(x)=1- 21 + e and the Taylor series is
2 4 6 2n
_._')_C_+x_..x_+...+(_1)” * IS
2t 41 6! 2n)!

2. A clever shortcut is simply to differentiate the previously-
discovered series for sin x term-by-term!

Exploration 3 Approximating sin 13
1. 0.4201670368...
4. 20 terms.
Quick Review 9.2
1. f(x)=¢*
fx)y=2e*
f”( x) =4 e2x
f”'(x) - 8€2x
f(n) (x) = 2n e2x

2. f(x)=L

x-1
fx=-(x-n?
fr=2(x-17
F7(x)=-6(x-1)"*

f(n) (x) - (_Dn n'(x _ 1)—(n+1)

3. flx)=3
f(x)=3"m3
f7(x)=3"(n 3
f/”(x) — 3x(ln 3)3
FP(x)=3"(n 3"

4. f(x)=In(x)
fo=x"
Frxy=-x7
=217
f(4)(x) =—6x7"
fP )= ()" m-)x" forn=1



