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4. x
X (1-&-1)
x

-1.1 13.981
~1.01 105.77
-1.001 1007.9

-1.0001 10010

1y -
Asx—)—l",(l+—] goes to oo,
x

5.
—r—""_'_'—'_’

[0, 2 by [0, 3]

Ast—1, \;—;11 approaches 2.

{0, 500] by [0, 3]

:

452 +1
x+1

N/

[-5, 51by [-1,4]
sin3x

ASx — oo,

Asx—0, approaches 3.

/

[0, z] by [-1,2]
T tan @
2’ 2+4tand

9. y=Lginp="SP
2

As@—

10. y = (1+r)""

approaches 2.

approachesl.

Section 8.2 Exercises

1. lim( )‘:2_-_24) appears to be about %;

V= (R-2) (HR-4)

He2.0B51064 _Y=.247B167
[-2,4]1by [-1,4]

By L’Ho6pital’s Rule:

. x=2 .1 1
lim| — =lim — =~
=2\ x° -4 -2 2x 4

2. Iim(w) appears to be about 5;
x

x—0

Vi=sintERI R

S\

t ~
}=.0u2E5318 ly=u.5823608
[-2,2] by [-2, 6]

By L’Hopital’s Rule:

lim (Sm(s x)) —1im 29250 _ 50050)= 5
x—=0 X x—0 1
. J24x -2 1
3. lim | ~————— |appears to be about —;
x-2 x=2 4

Vi=(f(2+H)-2)/(H=2)

\H_"'"‘———\—u—\.___

H22.0B51064 _¥2.24BEB4L7
{-2,4] by [-1, 1]

By L’Hbpital’s Rule:

1 12
D % — —(2+x)
lim (~——x J =lim| 2—— |= %(2 +2)2

x—2 xX— X2 1

=

1
244



4, lim

x-1

(J_1

J appears to be about %;

Y20 S -17¢0-1)

¥=1.0242768 |v=.33t-sssaz
[-2,2]by [-1, 2]

By L’Hopital’s Rule:

(%/}—1]_. é(x)—m _1
1

1-cosx . sinx
5. lim 3 =lim| — |=lim
x—0 X -0\ 2x -0
_cos(0) 1
2 2

—cosf

. 1-sin8 .
6. lim | ———— |= lim | ———
6-n2\ 1+cos(20) | e—mi2\ —25in(26)

sin®
- lim sin@ _ 2
6-ni2\ —4cos(20)

" lim(ctost—l]_lim[—smt]
=0 ¢ —t—1 -0 ¢ —1

=lim

-0l &

. —-4x+4 . 2x—4 . 2
8 lim| 53— |=lim| ——— |=lim
-2 x°=12x+16 ) 2\ 3x2-12 ) -2 6x

-4 cosTm

eO

(——cost)z —cos(0) _

1
4

2.1
6(2) 6
9. (a) 1 sindx = lim 4cos(4x) =4cos(0)=
0"\ sin2x ) x50\ 2cos(2x) )] 2cos(0)
®) lim sindx - lim 4cos(4x) 4cos(0)
x—0t\ sin2x J  x—0t\ 2cos(2x) 2cos(0)

AN
VAR

[-2,2] by [-3, 3]

2

10. (@) lim (tanxj= lim | €%
=0T\ X X0~ 1
2

) lim (tanx)= lim sec” x
-0t X x—0% 1

1

[-1.5, 1.5]1 by {-2, 10]

1

1

=2

Section 8.2

sinx cosx
11. (a) hm( )=lim( )=oo
( x—0" x3 x—0" 3x2

[2, 2] by [-2, 10]
tanx seczx
12. (a) lim 5 |= lim =—o0
x-07 X x—0" 2x
2
®) lim(tar;x)= lim | 2% |
-0t X 0t 2x

[-1, 1] by [-10, 10

13, Left:
cscx o0
m|——|[=—
x_>,;—(1+cotxj —oo0

. —cscxcotx . cotx
Hm — 3 |F lim
XoT” —C8C" x x—>a~\ CSCX

= lim cosx=-1
X"

Right:

. cscx —o0
lim =—
x-—)ﬂ+[1+C0tx] (=]

. —cscxcotx
lim —
x—at —CsCx

I

cotx
lim
—rt\ CSCX
COSX
smx
x—-m+
s1nx

11m cosx=—
x—)ﬂ

Y1 =(1/sin(x))/(1 + cos(x)/sin(x))
limit = -1

—

[3n/4, 57/4] by [-5, 5]

lI
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14, Left:
. I+secx oo
lim =—
o2\ tanx oo

. secxtanx . tanx
lim | ——— (= lim
x—ri2” s€C X x—nf2”\ SECX

= lim sinx=1
x—rl2”

Right:
. ( 1+secx ) —oo
lim =—
ozt tanx —oo

. secxtanx . tanx
lim — |= lim
-2t sec” x w2t secx

It
=

= lim sinx=1
o2t

Y1 =( + l/cos(x))/tan(x)
limit=1

[#/4, 3m/4] by [-5, 5]

15. lim 2EHD_ =
e log,x o0
1
. x+1 . xIn2 o
lim =lim =
x—00 1 x—eo\ x+1 oo
xIn2

l1m(1n2) =1In2
x—eo\ 1

Y1 =In(x + 1)/(In(x)/In(2))
limit =1n2 = 0.69

flﬂ

[0, 100} by [-1, 2]

16.

17.

18.

19.

20.

. [5x*=3x) oo
lim 5 =—
x| Tx+1 i
(IOx 3]
x—>o° 14x o
=3
x——)m 7
1 (x —3x)/(7x +1)
1imit=—z0.71
7

—

[0, 100] by [-1, 2]

lim (xInx)=0ec0
x—0*

lim (Im‘): lim ( l/"2)= lim (-x)=0
=0\ Ux ) xs0t\-1/x x=0%

lim [x tan(lD =ocoe ()
X300 X
Let h=l. Then 4 — 0 as x — o0, and
x
. 1 . (1
lim xtan(—) = llm(— tan(h))
X—>e0 x h—0\ h

_ lim( tan(h)) _®
h—>0 h o

2
. _sec’h
lim =sec? 0)=1
h—0
lim (cscx—cotx+cosx)= lim (cscx—(cotx—cosx))
x—-0" x—07
=00—00
. l—cosx+cosxsinx
= lim -
x—0t sinx
. sinx—sin® x+cos> x
= lim
x—=0" cOSXx
0-0+1
= =1.
1

lim (In(2x)—In(x+1)) = co—o0

In(2x)— 1n(x+1)—ln( 2x )
x+1

lim(z—szlim—2-=2
x—o\ x+1

Therefore:

lim(n(2x) - In(x+1))= lim (ln(ﬂ]) =1n(2)
x—yo0 X—o0 x+1



21. lim(e* +x)"* = (1+0)° =17
x=0

22.

23

o

24,

X
In f(x)=In [(e" + ) :| = In(e” +x)
X
In(e* +x) * x.(eXH) * 41
lim(ne x]:lime + =1lim <
x—0 X x—0 1 x—0 ex +x
Therefore:
lim(e* + ) =1im f(x) = lim ™ @ = ¢?
x—0 x—0 x-0
limx/¢-D =1
x—1
_ Inx
In =In| /D |= —=
fOy=n[ D =
im % i %
-1 x—1 -1 1
Therefore:
Emx"® D = lim f(x)=lim P =¢l =¢
x—1 x—-1 x—1
Hm(x2-2x+1)* T =2 -2)+1)! 1 =00
x->1 )
In(x“-2x+1)
1 =(x-DIn(x* = 2x+1)= ——— 02
nf(x)=(x-DIn(x" -2x+1) VG-D
2
2 T _ _1\2
In(x 2x+1)=lim x—1 -~ =lim 2(x—-1)
-1 (x-1) ol =1/ (x=1)" =1 x-1
Therefore:

lim(x? - 2x+1)* ' =lim f(x) = lim "™/ @ = ¥ =1
x-1 x—1 x—1

lim (sinx)* = 0°
x—-0%

In f(x)=1In[(sinx)*]= xIn(sinx) = In(sinx)
1/x
In (sinx) b 2
lim ismx) lim | tanx |= lim | - x
ot U =0t ———3 | a0t tanx
—1/x
—im | -2 =9
-0t sec” x 1
Therefore:

lim (sinx)® = lim f(x)= lim ™® =¢%=1
x—0" x0T 0"

25.

26.

Jo

Section 8.2

. 1Y 0__0
lim | 14— | =(1+400) =00

x—0" X

1
| ln(l+—)
1nf(x):x1n(1+—)=7x
X

1/x
—1
ln(1+l)
lim ——*/ _ Jjpy | 2E4D
x—071 1/x x—ot —-l/x2
2
= lim
x0T x(x+1)
= lim —=—=0.
=0t X+ 1

Therefore:

X
lim (1+1) = lim f(x)= lim MM =0 =1

x—0" X x-0" X0

Ux _ 000

lim (Inx)
X—yoo

In f(x)=In[(Inx)"”]= &;x)

1 1
fim 240 i [ Inx x J = lim ( ! ): 0.
x—yoo X x—o0 1 x>\ x1lnx
Therefore:

lim(Inx)" = lim f(x)= lim ™® = % =1
Xx—yoo x—>00

359

X—00
27. (a)
x ‘ 10 ‘ 10? 10° ‘ 10* ‘ 10
fx | 1.1513 | 0.2303 l 0.0345 | 0.00461 ’ 0.00058
Estimate the limit to be 0.
5
() lim 2% = gim 2% i 22X 20
x—ee X xoree X x=00 1 1
28. (a
@ ‘ 10° to! | 10?% | 10° | 10
® l 0.1585 1 0.1666 ! 0.1667 | 0.1667 | 0.1667
Estimate the limit to be %
®) lim x—s;nx - lim l—cozsx
-0t X —0"  3x
. sinx
= lim ——
-0 6x
. COSx
= lim
x50t 6
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sin36
29, Let f(6) = ——.
tfO)= a0

) | +10° | +107! ' +107% | +107° | +107™*

f© |—0.1865 | 0.7589 ‘ 0.7501 l 0.7500 ‘ 0.7500

Estimate the limit to be = %

. sin30 .. 3cos30 3
lim =lim ==
8-0sin48 6-04cosdf 4

1 1 t-sint
30. Let f(f) = — —- = =80
sint t tsint

t |110° |J_r10'1 |i10‘2 Ii10_3

S | iO.1884| +0.0167 | +0.0017 | +0.00017

Estimate the limit to be 0.
. 1 1 . t—sint
lim| — - |=lim—
-0\ sin¢ ¢ t—0 rsint
. 1-cost?
=lim——
t—=07Ccost+sint

- lim sint
-0 —tsmt+c0st+cost

31 Let £ (x) = (1+x)"*.

X

10 ' 102 | 10 | 10* | 10°
f(x)| 1.2710 l 1.0472 I 1.0069 | 1.0009 | 1.0001

Estimate the limit to be 1.

In(l+x
In f ) = 200
X
1
i BUA+0) o T+x 0
X—deo X X—yo0 1 l
lim (1+x)"* = lim f(x)= lim MW 2 0 2
X—yoo
x—2x*
32. Let f(x) = ‘
! 3x%+5x
x|10]102|103|104|105
f) | -0.5429 l ~0.6525 | ~0.6652 | ~0.6665 | ~0.6667

Estimate the limit to be — %

lim = lim =lim——=——.
90332 455 30w 0x+5 xoe 6

x—2x* . 1-4x . 4 2
3

s a2 2
33, lim sin@ —lim 20cos6
-0 @ -0

=(2)(0)cos (0> =0

. t—1 .
34. lim - =lim
—>1Int—sinmt 11
;——71' cos 7t

1
T 1-m(=1)

35. lim log, x xIn2
x—)mlog3(x+3) x—00 1
(x+3)In3
_lm(x+3)ln3
x> xIn2
. xIn3+3In3
=lim ——
x—>ee  xIn2

= hm}E

2y+2
= gim 2+
y—0* l
y
- lim y(2y+2)
y-0t Yy +2y
(2y +2y)
y—>0+ y +2y
= lim dy+2
y-0t 2y+2
_HO)+2 2

200+2 2

T .

(—2——— y)sm y

37. lim [E—y)tany = lim ~~———
y—nri2\ 2 yoni2  COSY

2
36, lim 20" *2Y)
yo0t  Iny

(% - y]cosy+(—1)siny

= lim -
y—->nl2 —siny
(g— - E]cos5+(—1)sm§
- . T
—sin—
2
_ (=D _

Y



38. lim (Inx—lnsinx)= lim In——
x0T x=0t  SInX
_x

Let f() = sinx

. X .
lim —= lim
=0t 8InX  x-0* COS X
lim (Inx—1Insinx)= lim In f(x)=In1=0
x—-0" =0t

=1. Therefore,

39. This problem does not require L.’Hopital’s Rule.
1 1-Jx _

1
lim| ———|= lim
x—)0+(x \/;J -0t X
40, The limit leads to the indeterminate form oo’

1 X
L =l—=.
et f(x) (xzj

1 X
1im(—2] =lime™ ™ =¢0 =1

-0\ x x—=0

a. fim —272 — Jim —— =0
x-—)ioo2x2—x+2 x—oteo dx—1

. sin7x . TcosTx 7
42, lim =lim =—
xs0tanlly  x-011sec?11x 11

43. The limit leads to the indeterminate form oo®.
Let f(x) = (14 2x)/nx),

In(1+2x)/@n0 - 100+22)
2Inx
2
lim In(l+2x) = lim 2x _ i —— = liml
e 20X xoe 20 xoelb2r xow2
X
lim (1+2x)1/(21n x) lim elnf(x) — el/2 - \/;
X=—Hoo Yoo

Section 8.2

44, The limit leads to the indeterminate form 0°.
Let f(x) = (cosx)****.

In(cosx)
secx

COSsxX

In(cosx) =(cosx)In(cosx) =

—sinx
. In(cosx . cosx
lim (—)= lim ———
xor/2-  SeCX xor/2- Secxtanx

—tanx

x->n/2” Secxtanx

= lim —cosx=0
x—7i2”

cosx _ lim elnf(x) - eO =1

lim = (cosx)

z= s
x> 2 X B

45. The limit leads to the indeterminate form 17,
Let f(x)= (1+x)"*.

In(1+x)" = B4+

1

. In(l+x . 1+x
lim —( ) = lim — =
x-0% X ot 1
lim (1+x)"* = lim &™/® =¢l=¢
x—-0% x—-0*

1

46. The limit leads to the indeterminate form 0°.
Let f(x) = (sinx)®"*

In(sinx)

cotx

tanx

In(sinx)™* =tanxIn(sinx) =

cosx
In(sinx) . sinx

lim
o0t cotx x=0"—csc“x  xo0"
In f(x) — eO =1

lim (sinx)™* = lim e

0" x—-0"

47. The limit leads to the indeterminate form 17",
Let f(x) = x40,

Y00 = _121
1-x
1
tim 2% — Jim X =1

ot 1=x  xorr—1

. - . 4 1
lim x4 = lim W =t ==
x-1t o1t e

lim 5= lim (—sinxcosx)=0
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362 Section 8.2

4. jj% =[ 10} T = 1n[2~Infz| = In

2x
X

54. (a) L’Hopital’s Rule does not help because applying

L’Hépital’s Rule to this quotient essentially “inverts” the
problem by interchanging the numerator and denominator
(see below). It is still essentially the same problem and
one is no closer to a solution. Applying L’Hopital’s Rule

2
hmj ’ﬂ_hmln = limIn2=1n2
X0 C x—ee X Xx—eo
3_ 2
49, lim ); ! =lim 3);
=1 4x’—x—-3 x»-112x°-1
=3/11
2
50. Tim 22 3% _ pjpy 2243
xo0o 7+ x4+1 e 3x° 4+
=1imi=0
x—0 6 X
X
. .[1 costdt . sinx—sinl
51. lim 3 =lim 3
x>l x=1 -1 x°—1
cosx cosl
=1lim =—
x—-1 2x 2
dt
52. lim L = lim 222101
x-1x =1 x»1 x -1
= 1im22 =173
-1 3x

53. (a) L’Hopital’s Rule does not help because applying
L’Hépital’s Rule to this quotient essentially “inverts”
the problem by interchanging the numerator and
denominator (see below). It is still essentially the same
problem and one is no closer to a solution. Applying
L’Hépital’s Rule a second time returns to the original

problem.
i Joxtl o 972)0x+1)™
Pl e (1/2)(x+1)""2
= lim 2
—>00 \/gx_ﬁ
(b)

—

{0, 100] by {0, 4]
The limit appears to be 3.

1
9+—
+1
© lim X i x=£=3
oo x4l wow [ 1 Al
14—
X

a second time returns to the original problem.

secx im secxtanx . tanx
x-rl2 tan x B x-nl2  sec’ x B x-7m/2 SeC X
(b) Y1 = (1/cos(x))/tan(x)
{0, ] by [-1, 5]
The limit appears to be 1.
1
© lim %= fim $95% _ g 1oy

x-n/2tan x T w2 Sinx  x-sai2 sinx

cosx
55. Find ¢ such that lim f(x)=c.
x—0

9x—73sin3x

5x3

. 9-9cos3x
=11m~*-7~

x—0 15x

. 27sin3x
= lim

=0 30x

. 8lcos3x 81 27
=lim——=—=—
=0 30 30 10

lim f(x)=lim
x—0 x—0

Thus, ¢ = 2 This works since lim f(x)=c= f(0),so f is
10 x—0

continuous.

56. f(x) is defined at x#0. lirré f(x) leads to the indeterminate
x>

form 0°.
tnf|" = xInfx] = 1“T|"|
x
1

hmln—‘xl =1lim——=1lim-x=0
x—0 l x—0 __1_ x—0

x e
hm]xl = hme"lnlxl =e=1

x—00 x—=0

Thus, f has a removable discontinuity at x = 0. Extend the

definition of f by letting f(0) = 1.



57. (a) The limit leads to the indeterminate form 17,

kt
r
Let f(k) _[1+;] )

t1n(1+1)
Inf(k)=kt ln(l+£) -\ k)

lim = lim
ko0 1 k—yoo _ _l—
k k2
. rt rt
= lim = T =
AaS FA
k

’ kt r kt
o el

= A, lime™/®

k—o0
= Aog"

(b) Part (a) shows that as the number of compoundings per
year increases toward infinity, the limit of interest
compounded k times per year is interest compounded
continuously.

58. (a) Forx 20, D 11
gx) 1
limd & 1
x>0 g’(x)
T AC

0g(x) 1

(b) This does not contradict L’Hopital’s Rule since
lim f(x)=2 and lim g(x)=1.
x—0 x—0

59. (a) A(f)= j; e dx
= [—e_x :I:) =’ +1

limA(¢) = lim(—e™ + 1)
1—300 t—3o0

= lim(—i' + 1):1
t—eo\ @

Section 8.2 363

®) V()= nj; (e™*)? dx

t
=7rJ-0e 2% dx

t
T _le—-Zx
2 0

T,
Z(—e41)
© lim 2B o fim 2
ot A(t) 1m0t —e ' +1

§<2e‘2')

~t

= lim
-0 e

60. (a) x f(x)

0.1 0.04542
0.01 0.00495
0.001 0.00050
0.0001 0.00005

The limit appears to be 0.
by tim 22 -0 g
=014+2x 1

L’Hépital’s Rule is not applied here because the limit is

0 o | .
not of the form 6 or —, since the denominator has
(]

limit 1.
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61. (a) f(x) = exln(1+l/x)

1+l>0 when x <—1lor x>0

X
Domain: (—eo, —1) U (0, e0)
(b) The form is 07}, so lim f(x)= oo
x—>-1"

3]
N *)

(¢ lim x In(l+ 1)— lim

X—>—oo X300

= lim
Pl -1
x2
= lim ——=1
-
X

lim f(x)= lim ") =
X——o0 X—>—o0

62. False. Need g’ (a) # 0. Consider f (x)= sin? x and g(x)= x?

with @ = 0. Here lim f'(x) = lim g’(x) = 0.
x—0 x—0

63. False. The limit is 1.

64.C. im—— =11
=0 tanx sec®x 1
1
oL
; x
65.D. lim —11m——11m—2—1/2
x-1 -1 o1 2 x-12x
x 22
. 1
og, x A
66.B. lim—227 - Jj xln2 _ 103
xoologyx w1 In2
xIn3
1)\ 1 ln(1+l)
67.E. 1n(1+—) =3xln(1+—)=7x
x x 1/(3x)
1 1 1
il 1 *3
lim 1"(1+x) = lim (1+;) x
x—yo0 x—yoo
1/(3x) VG
= lim 3 =i—3
X—>w(1 l) 1+0
x

lim ™) = &3
X—oo

68. Possible answers:

@) fx)=7(x-3); g(x)=x-3
TGN HIC k) ST B
—=3g(x) x3 x=3 x93 1

b) f(x)=(x-3); g(x)=x-3

— 2 [
mf(x)=lim(x 3 =lim2(x 3)=0
-3g(x) x»3 x-3 3 1

© f(x)=x-3; g(x)=(x-3)
LACO NI o SN RS S
x—>3g(x) =3 (x=3) x33(x—3)°

69. Answers may vary.
@ f(x)=3x+L gx)=x
Sy .. 3x+1 .3

lim ——=lim——=lim —=3
x00 g(X) xme X x—00 |

(b) f(x)=x+1; g(x)=x>

im L2 = pim 2 o im Lo
X—yoo g(x) X—yo0 x2 X0 2X

© f(x)=x% gx)=x+1
fx) .. _i 2x

———~11m =lim— =
x—)wg(x) xmex+1  xoe 1

70. (a) Because the difference in the numerator is so small
compared to the values being subtracted, any calculator
or computer with limited precision will give the

incorrect result that 1—cosx% is 0 for even moderately

small values of x. For example,
atx = 0.1, cos x5 =0.9999999999995 (13 places), so on

a 10-place calculator, cos x®=1and1-cosx®=0.

(b) Same reason as in part (a) applies.

_ 6 5.6
© lim1 cosx = lim 6x° sinx

x>0 xlz x—0 12x“

(d) The graph and/or table on a grapher show the value of
the function to be 0 for x-values moderately close to 0,
but the limit is 1/2. The calculator is giving unreliable
information because there is significant round-off error
in computing values of this function on a limited
precision device.



J

71. (@) f'(x)=3x2, g’ (x)=2x-1
fO-fD=2,g)-g(-D=-2

3¢? 2
2e=1 -2
3c? ==2c+1
3¢t +2c-1=0

Be-D(c+) =0

c=—orc=-1

3

The value of ¢ that satisfies the property is c= 3

(b) f/(x)=—sinx, g'(x)=cosx
n n _
f(;)—f(o) =-1, g(;]—g(O) =1

—sinc _ ~1

cosc 1

tanc=1

c=tan_11=£0n O,E
4 2

72 (a) In f(x)*® = g(x) In f (x)
lim (g (9)ln f () = (h_gn g ("))(}Sﬁz lnf(x))
= o0 (— oo) = —00

lim £ (1% = lim ™ @Y = g~ = g
x—c¢ X—=3C

(b

~—

tim (g (1 £ (9) = 1im g (o) limin )
= (cen)(o0) = om

fim £ (x)¢® = lim ™/ = 0= = oo
x=¢

xX—c

Quick Quiz Sections 8.1 and 8.2
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