—0.1x

7. As x — —oo, —0.1x >0, and e —> 00, SO
60
lim —————=0
x—1£1°°1+5e"0'1x '
60

8. y(0)=m= 10

9. From problems 6 and 7, the two horizontal asymptotes are
y=0and y=60.

10. M

Section 6.5 Exercises
1. A(x—4)+B(x)=x-12

6. See problem 2.
3x+16 dx:j( -2 4 ]dx
xX“+x-6 x+3 x-2
==2In |x+3+4 In |x-2|+C

=1In (x-2)* +C
(x+3)?
2x
7. x2-4)2x3

2x° - 8x
8x

J(2x+ 28x )dx
4

x° =

u=x"-4
du=2x dx

x2+4jd—”=x2+4 In |u|+C
U

=x?+In(x* —4)* +C
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x=4, 4B=-8
B=-2 1
x=1, A(l-4)+(-2XD)=1-12 8. x2—9jx2—6
A=3 ¥2-9
2. A(x—2)+B(x+3)=2x+16 3
x=2, BQ+3)=2(2)+16 fie 3 &
5B=20 x?-9
B=4 e[ Ay B
x=-3, A(-3-2)=2(-3)+16 x+3 x-3
~5A=10 A(x-3)+B(x+3)=3
A=-2 x=3, B3+3)=3
B=1/2
3. A(x+5)+B(x—2)=16—x x=-3, A(-3-3)=3
x=-5, B(-5-2)=16—-(-5) A=-1/2
-7B=21 L2, 12
B=-3 x+3 x-3
x=2,AQ2+5)=16-2 —3
TA=14 =x+In ?+C
A=2 *
dx _
4. A(x+3)+B(x-3)=3 9 ZszH:Ztan x+C
x=-3, B(-3-3)=3
~6B=3 10. 3] —Z =tan‘1(f)+c
B=—1/2 x“+9 3
x=3,AG+3)=3 11.J' 7
6A=3 2x* -5x-3
A=1/2 A B 7

5. See problem 1.
x;lzdx=f(g+i)dx
x“ -4 x x-4

=31n |x|-2 In |x—4]|+C

=
=ln| —— [+C
(x—4)

il %3 2x+1)(x—3)
A(x-3)+BQ2x+1)=7
x=3, B2R3)+1)=7
B=1
x=-1/2, A(-1/2-3)=7
A=-2

J‘( -2 + 1 dx
2x+1 x-3

=1n‘ x-3
2x+1

|+
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1-3x 2x—6
5. dx
1 J-3x 2 _5x— 3 1 Idy Ix 2
A B 1-3% A, B _2:-6
3x—2 x—l_(3x—2)(x—1) x x=2 x(x—2)
Ax-1)+BBx-2)=1-3x A(x-2)+Bx=2x-6
x=1, B@AW)-2)=1-3(1) x=2, 2B=2(2)-6
B=-2 2B=-2
2 2 2 B=-1
x=3, A(§*1)=1‘3(§) x=0,A(0-2)=2(0)—6
1 ~2A=-6
—34=-1 A=3

, 47 (242 e
(52502 G+s)

3x-2 x-1 y=31n|x-1n|x-2+C
=If3x-2|-2Inlx-1+c B
3x—2 y=In +C
=In|- >+ -2
(x-1)?
_ 16. |du=
B [T J Ix
2x —x—3‘ A B 2
; — =
A LB 8x-7 x+l x-1 (x+DE-1)
x+1 2x-3 (x+1D(2x-3) AG-D)+B(x+1)=2
AQx-3)+B(x+1)=8x-7 x=1, B(+1)=2
x=2, B(§+1J=8(§j~7 v 2B=2
2 2 2 B=1
5 x¥=-1, A(-1-1)=2
28=3 —24A=2
B=2 A——l
x==-1, A@2x-3)=8x-7
A(2-3)=8-7 J.Jc+1 x—1 dx
—5;3:3_15 u=~—ln|x-1+1|+ln|x—1]+C
X
J‘ 3 + 2 )dx u=1 ot 1+C
x+1 2x-3
=3hnlx+1+In]2x-3+C 1 J‘F,
=In(jx+1P2x-3)+C P )
Sxtld X x4l x-1 xx+D@-1)
W)= AGx+1)(x—1)+Bx(x— 1)+ Cx(x+1)=2
¥k Tx x=1, 2C=2
A B 5x+l4- =4 &=
+ = C=1
x x+7 x(x+7) x=—1 2B=2
A(x+T7)+Bx=5x+14 B=1
x=-7, —7B=5(-7)+14 =0, _A )
-7B=-21 _5
B=3 -2 1 1
x=0, A(0+7)=5(0)+14 _x_ — |
7?:;4 Fx)=-2ln s+l fr+1+Infx—1]+C

j(3+ 3 )dx F(x):ln[’ —1|]
x x+7 X

=2In|d+3mlx+7+C
=In(x|x+7])+C



18. j G'(t)dt = j % dt

2
£ —t)2?
263 -2t
2t

2t
taatm
2t+_[t2_ldt
A, B __ 2
t—1 t+1 (-DE+D
AGt+1)+B@-1)=2
t=-1, B(-1-1)=2
-2B=2
B=-1
t=1, Al+1)=2
24=2
A=1

1 -1
=2 — d
G®) t+j[(t_1)+(t+l)] 1
=2t+Inft—1-Inft+1|+C
t—-1

= [2+

=2t+1n +C

19. jxff4 dx

u=x>—4
du=2xdx

I%:lnu+C=ln|x2—4‘+C

20. _[24x7_3dx

Section 6.5

2x°
2 dx

22. jx
2x
x2=1}2x°
253 -2x
2x

j(2x+ filldx

X

u=x*-1
du=2xdx

X%+ J'%
=x2+Inu+C
=" +Infx* -1 +C
23. (a) 200 individuals.
(b) 100 individuals.

dP(100)
dt

(© =0.006(100)(200-100)

=60 individuals per year.
24. (a) 700 individuals.
(b) 350 individuals.

© @ = 0.0008(350)(700 —350)

=98 individuals per year.
25. (a) 1200 individuals.

(b) 600 individuals.
dP(600

dt
=72 individuals per year.

26. (a) 5000 individuals.

=0.0002(600)(1200—-600)

299

x?—3x+1 (b) 2500 individuals.
u=2x%-3x+1
du=(4x—3)dx © @ﬂo*(%ooxsooo—zsom
du_ Inu+C =62.5 individuals per year.
" dP
=ln‘2x2—3x+l‘+C 27. ©-=.006 P(200-P)
pe (Xitx=1 (% _[.006d:
2 O TPR00=P)y 7
X —lx é+ B _ 1
P 200—-P P(200-P)
2 2
x -xszﬂ—l A(200-P)+BP=1
x“—x P=200, 200B=1
2x~1 B=0.005
2x-1 P=0,A(200-0)=1
1+ dx
J( x2—xj 200A=1
T, A=0.005
wEx X 0.005  0.005
du=Q2x-1)dx j[— : )dP=0.006t
P 200-P

x+J.@=x+lnu+C
u

=x+1n|x2—x|+C

j(l+ ! ]dP=1.2t
P 200-P
InP—1In(200-P)=1.2t+C
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27. Continued
1n[200”PJ=—1.2t—c
P
@_1 —1 2t P
P
200 12 e

200 _ -
14120 c

o el P o

[-1, 7] by [0, 200]

28. Z—P =0.0008 P(700-P)

jp(700 5 jo.ooos dt
B 1

P 700—P P(700-P)
A(700-P)+BP=1
P=700, 700B=1

B=1/700
P=0, A(700-0)=1
A=1/700
j(”7oo+ 1/700 JdP=0.0008t
P 700-P

j(l+ L JdP=0.56t
P 700-P
In P—1n (700 P) = 0.56¢ + C

ln[m(;_P):—O.Sét—C

29. % =0.0002 P(1200- P)

dp
-[P(ITO—P) = [0.0002 ar

A, B _ 1
P 1200-P P(1200-P)
A(1200-P)+BP=1
P=1200, 1200B=1
B=1/1200
P=0,A(1200-0)=1
1200A=1
A=1/1200

J(1/1200+ 1/1200
P 700-P

) dP =0.0002¢

j(l+—1— dP =0.24¢
P 1200-P

In P-1n(1200- P)=0.24:+C
(1200—13
In
P

):—0.24t—C

12}())0 = g 0%t
12;))0 =140 e
1200 _, . -0240) -
20
e =59
1200
1+59 ¢ 024

A At i o
o P
 EEnle

x
A £
A s
s
-

N
AR
RN )
LAY
AR LR Ry

At

[-1, 30] by [0, 1200]

30. —d——10‘5 P(5000- P)
% 106t e dt
[l 1075
700 _ 056t ¢ J 5000 P) =[10% a
o i S
W=1+e“’n'5“‘(s’ e P 5000—P  P(3000-P)
e =69 A(5000-P)+BP=1
700 P =5000, 5000B=1
= B=0.0002
—0.56¢
1169¢ P=0, A(5000-0)=
ﬁ:ﬁ?fﬁ;?}'ﬁf i 50004 =1
-1+ EE e Lt i
Vi
AR AR J(0'0002+ 0.0002 )dP:lO“St
A P 5000-P

[-1, 15] by [0, 700]

j (i+;) dP =0.05¢
P 5000—P



30. Continued
In P-In(5000—P)=0.05¢+C

In (500—?)_’1) =-0.05¢-C

5000 1= 005 g

P
5000 _ L4 ¢~005t g¢

5000 _ 14 £ 0050 =

R P ot o ot £ A

[-1, 200] by {0, 5000]

1000
31. (a) P(r) = 1448070

1000

1+ e4.8—0.7t

M

1+ Ae M
This is a logistic growth model with

M=1000and k= 07 = 0.0007.
1000

1000
, 1+e*8
~ Initially there are 8 rabbits.
200 '
1+
200

1+e3e
M

- 1+ Ae~ Y%

(b) P(0)= 8

32.(@) P(t)=

This is a logistic growth model with M = 200

and k= L. 0.05.
200

200

1+e53
Initially 1 student has the measles.

) P0)= 1

33. (a) ‘fj—f =0.0015P(150 - P)

= kP(M - P)
Thus, k=0.0015 and M =150.
M

1+Ae MK
150

1+Ae—0.225t

P=

Initial condition: P(0)=6
_ 150
1+Ae°
1+A=25
A=24

150
142402251

150
® 100= 14247022

1+24¢7025 =

Formula: P =

24 e—0.225t —

N SR ICEY SRR

e—0.225t -

48
—0.225¢=—In 48

t= —hﬁ =17.21 weeks
0.225

150
125= 1+ 2470225

1+ 24e~0.225t —

W= oy

24 e—0.225t -

02351 _ 1

120
—0.225¢=—1n 120

t= In 120 =21.28
0.225

Section 6.5
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It will take about 17.21 weeks to reach 100 guppies, and
about 21.28 weeks to reach 125 guppies.

34. (a) % =0.0004P(250- P)

=kP(M - P)
Thus, k£ =0.0004 and M =250.
M

1+ Ae Mk
250

T 1+AeON

P=

Initial condition: P(0) =28, where t = 0 represents

the year 1970.

28 = 250 y
1+ Ae
281+ A)=250
250 111

A=——-1="=7.9286
14

28
250

1+111e7%%/14
250

T 1+7.9286¢701

Formula: P(t) =

P(@)

, or approximately
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34. Continued (c) When t=0.
(b) The population P(f) will round to 250 when (d) This curve has no inflection point. If the initial
P(t) 2249.5. population is greater than M, the curve is always
2495 = 250 concave up and approaches y = M asymptotically from
T o1+111e %Y 14 above. If the initial population is smaller than M, the
111701 curve is always concave down and approaches y =M
249.5| 1+ =250 asymptotically from below.
37. (a) The regression equation is
249.5(111e™"
(249.5(111e™7) _ o & 232739.9
1 P T ia.s8000000
S0l _ 14 +14.582¢
55,389
—0.lt=1n 14
55,389
t=10(n 55,389 -1n 14) = 82.8 ]

It will take about 83 years.
[-5, 70] by [-24000, 260000]

dpP
3s. E =kP(M - P) (b) lim 232739;21% _ 232739.9 ~ 232,740 people.
J_ dP -[ t=e014+14.582¢™ 140
——= | kdt ‘
P(M —P) (¢) 225,000 = _ 2327399
g, R 1 ' 1+14.582¢7%101
P M-P P(M-P) oot 232739.9
O - Py RP =1 14.582¢ = 525,000 -1
P=0,MQ=1 e 10 = 0024
1 —
O=— t=ﬂ‘:600rin 2010.
. M -0.101
P=M,MR=1
p= L (d ‘2—1; =kP(M - P) = (4.352x1077)P(232739.9 - P).
M
1 1 38. (a) The regression equation is
Jl i+ ap=hrc po_ 4587918
P (M=-P) 1+18.771e7 2113
1 1
J —+ dP = Mkt +C
P (M-P)
m(?] =—Mkt-C
M e . B i 458791.8 _ 4587918 - 458,792
piTeTe O 18771010 = 140 ’
M Mt
=]4e A 458791.8
(c) 450,000= ——F——
P M 1+18.771e711¥
P=——
1+ Ae™™ 1877170113 - A87018
450,000
—0.113 _
36. (a) ‘;—1: =kKM-P) e 013 = 0.(;0817
t=———=60or in 2010.
dP j -0.113
——= |kdt
M-P dP
—In(M -=P)=kt+C (d) E =kP(M - P)=(2.4626 X 10_7)P(458791.8 -P)
M-P=c®¢*
Lete“=A 39. False. It does look exponential, but it resembles the solution
then P=M - Ae™™ to —d‘g =kP(100-10) = (90k)P.

) imPO)=M-Ac™* =M
t—yo0



40. True. The graph will be a logistic curve with
lim P(¢) =100 and hm P()=0.

f—oo
41.D. 800 _ =300.
2
42.B. M =0.9, so at most 90% of the population will be

43.D.

4. B.

infected. The remaining 10% will not be infected.

33
L (x—1Xx+2)

A B _ 3
x-1 T (x=D(x+2)

+
x—1 x+2
A(x+2)+B(x-1)=3
x=-2, B(-2-1)=3
-3B=3
B=-1
A(1+2)=3
3A=3
A=1

x=1,

45. (a) Note that k> 0 and M > 0, so the sign of ‘—:5 is the

sameas the sign of (M— P)(P—m). For m < P < M, both
M- P and P—mare positive, so the product is positive.
For P< mor P> M, the expressions M — P and P —m
have opposite signs, so the product is negative.

aP  k
(b) Y — (M —PYP—m)

dpP

== %(1200 PP —100)
1200 P _

(1200- PXP—100) dt
1100 dP 11

(1200- PXP-100) dr 12
(P-100)+(1200~P) dP _ 11

(1200— PXP—100) dr 12

I, 1 \er_n
1200-P P-100)dt 12

1
J(1200 P P- 100) J [Phie

~1n|1200 - P|+In|P-100|= Ekt+c

P-100 11
Rt I Y
1200-P| 12
P-100 = 4oC kN2
1200- P

P—100 _ \ iikene
1200- P

Section 6.5

P—100=1200Ae! W/12 _ g p lik/12
P(1+ AeM1?y = 12004 %12 1100
12004¢' ™" +100
1+Aellkt/12

12004¢° +100

1+ Ae°
300(1+ A) =1200A +100
300-100=1200A -3004
200 =900A
a2
9
120002/9¢' %12 £ 100

1+ (2/9)ellkt/12
1200(2)e! ™12 £ 100(9)

9 + 261 1kt/12
3008 ¥/12 1 3)

9+2ellkt/12

p=

(c) 300=

P(t)=

P(t) =

P(@r)=

g
Fa

@

[¥3
(&
o
i
(¥
i
[¥3
i

2
1 RO Y
F IS BRLAS
F AR VRAN
(RERREY: L
AREREAY
AR R SRR
LR
SRR S
IR BN
LR ERRRERY X
LRRARR RS RY N

'R

[0, 75] by [0, 1500]
Note that the slope field is given by
dP 0.1

— = ——(1200- PXP-100
dt 1200( X >
dP  k
= - (M-PYP-
() & M( XP —m)
M dapP _
(M —PYXP—m) dt
M M-m dP

M-mM-PXP-m)di
(P-m)+(M~-P)dP _M-m
(M~PYXP—m) dt M

1 1 dP M-m
+ k
M-P P-m)d M
J ! + dP = _[—k dt
M-P P-m

—lnIM—P|+1n|P—m|=Tkt+C
P-m| M-m
M-P| M

P—m _ 1€ p(M-mkiiM

kt+C

—m_ AeM-miaiv

P—m= (M~ P)Ae™M-mkM
P(l + Ae(M—m)kt/M) - AMe(M—m)kt/M +m
AMe MR 4y
1+ Ae(M—m)kt/M
AM® +m _ AM +m

P=

P0)= =
© 1+ Ae° 1+A

303
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45, Continued

©)  pOYX1+A) =AM +m

A(P(0)— M)=m~— P(0)
_m=P@0) _PO)-m
TPO)-M M-PO)

Therefore, the solution to the differential equation is

AMMKRIM P(0)—m
= where A=————.
1+ Ae(M—m)kt/M M_P(O)
46. (a) Let u = f; thenx=au, dx=adu
a du
J.a +x? '[a2+au J.1+uz

= ltan_ w)+C
a

1 tan™" (f) +C
a a

(b)Letu=£; then x = au, dx=adu
a
P e s
a* a2u2 1-u?

du
_"J __I(u+1)(u e
i+i__1._
u+l u—-1 (@+D@-1)
Aw-D+Bu+D=1

u=-1, A(=2)=1
A=-1/2
u=1, B(2)=1
B=1/2
(1/2 1/2) 1 ( 1 1
= a1
u+l u-1 2a'\u+1 u-1
Lntle
2a |u-—-1
ey
=—In|%—|+C
2a f—l
a
11 x+a+c
24 |x-a
(c)Let u=a+x, du=dx
[T VU
(a+x) u u x+a

o

A B 5x

+ 7= 3
x+3 (x+3)° (x+3)
A(x+3)+B=5x

x=—3, B=—15
A(x+3)-15="5x

x=0, A(3)-15=0

A=5
| 5 ~~L2 dr=5hlx+3+-2 4c
x+3 (x+3) x+3
(®) j( T
A B cC  5x

+ + =
(x+3) x+3)? x+3)° +3)°
Ax+3)? +B(x+3)+C=5x

x=-3, C=-15
Ax+3)* +B(x+3)—-15=5x

x=0, 9A+3B-15=0, B=5+3A
x=1 16A+4B-15=5, B=5+4A
5+3A=5+4A
A=0
B=5+3(0)=5

{(EMER PR SN
x+3) (x+3) x+3 2(x+3)
48. (a) This is true since

A B (o
+

_A(x-1*+B(x-D+C

-1 (x-1% (x-1° (x-1)°

b) Ax—1?+Bx-D+C=x>+3x+5
x=0, A-B+C=5

x=1, C=9
x=2, A+B+C=15
Then
A-B=-4
A+B= 6
4 =2
A=1
B=35

1 5 9
© J.(E+—(x_l)2 +———(x_1)3jdx

IRWHITIR B N
x=1 2(x-1)



Quick Quiz

1.C. y=yye”
t=1, 2= yoek
t=35, 3=ypek
3_ )’OeSk = otk
2 )’Oek
r= In(3/2)
4
_In(3/2)
Yo=2e 4 =1.807
(m(s/z)_s)
r=8, ~ y=1.807¢ * =4.066

2.C. F(x)= J.: cos(t2 )dt
F)=0 = a=1
F(x)= Lx cos(t2)dr

F(5)= jls cos(t?)dt = -0.293

[Use NINT (cos(x2 ), x,1,5) to evaluate the integral.]

3 A JL
T = x+3)

A B _ !
x=1 x+3 (x=1(x+3)
A(x+3)+B(x-1)=1
x=-3, —4B=1
B=-1/4
x=1, 4A=1
A=1/4

I(l/4 +—1/4)dx
x—1 x+3
1

=—In
4

x—1
+3
ar_Prrio-»~
dt 5 10
J‘d—P= Ldt
P10-P) 50
A, B __ 1
P 10-P PUO-P)
A(10-P)+BP=1

+C

P=10, 10B=1
B=0.1
P=0, 10A=1
A=0.1
J.[Ql+ 0.1 )dP=it+C
P 10-P 50
In 10"”‘:—1/5:—0

Chapter 6 Review

10

= 1+ o151,
10

POY=3= 1 750
A=233

10
P ® 1+2.33¢71°®

10

A=-05

10
l. Pt ==
PO o570

10

10

(c) Separate the variables.

ﬂzl 1_._t_ dt
Y 5 10
t £

Y =—-—+C,
5 100
¥ = Ce115~t2/100 where C = €1
3=Ce®=C=3
¥ = 3¢t/5-11100
15 36”5

. 2 . 4 .
(@) lim3¢>1% = lim——=1lim
100 t=ee ot /100 1o (ez/s)

720 =0

Chapter 6 Review Exercises

/3

1. J':Bsec2 ] d0=tan9]0

= tan%—tano = \/5

31 4
=4 —-=—=
2 2 2
3. Letu=2x+1

du=2dx

lalu=dx

2

1 3

[ 36 Sdv=18 %du

02x+1) Ly

4. Let u=1-x*
du=-2xdx
—du=2xdx
1 . 2 0 .
J-_12xs1n(1—x )dx:—_[0 sinudu=10
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