7. 1.I'=10
Inl.1"=1n10
tInl.1=1n10 .
p=d10 1 o459
In1.1 logl.1
a1
8. ¢ =

t=—-lln l =lln4=1n2

2 \4) 2

9, In(y+1)=2x-3
y+1=e>3

y=—1+¢>*73

10. Injy+2|=3¢-1
p+2f=er"
y+2= te¥!

y=-2+%1

Section 6.4 Exercises

1. jydy=jxdx

2 2
X

X-X,c
2 2
@*=*+C

c=3

y= 22+ 3, valid for all real numbers

2. fydy:—jxdx
2

Section 6.4 289

5. j% =f(x+2)dx

x2
1n|y+5|=7+2x+C
2 2
|y+5|= &F 1242x+C _ eCex 12+2x

2 2
y+5=ieCex 1242x = Ae* 1242x

y= Aex2/2+2x -5

y= e 2% _ 5 yalid for all real numbers.
6 | & [

cos?y

tany=x+C
tan(0)=0+C
c=0

y= tan~! x, valid for all real numbers.

d .
7. 2 —cos x e
dx

Je_y dy= Jcos x e dx

—e VY =ME 4o
_eO=esm0+c

c=-2
y=—In (2e— "™ *), valid for all real numbers.
8. o =ev¢"
dx
Jey dy= Jex dx
& =e+C

C=e—e"=e?—-1

y=In (" + €% —1), valid for all real numbers.

2 x

S = ek O

22 9, j—lg dy=[-2x dx
B =-@)*+C y

C=25 —y_I:—x2+C

y= \25=x?, valid on the interval -5,5) ZLS =14+C
1 1 Cc=3
3. [=dy=[-ax X
y x y=———, valid for all real numbers.
In|y|=In|x/+C x°+3
bl=lx+C dy 4y Inx
2=2+C 10. i
Cc=0
y =x, valid on the interval (0, ) I% =J.4 In x dx
y X
4 [Lay=foxar “=11“
Y du=—dx
Iny=x*+C x

> xX2+C C x* 2\/;:'[41,{ du

y|=e =e"e )

2 2\/;=2u +C
y—Ae"z y=(n x)*+C
3=A¢ I=(n e)+C
3=A Cc=0

y= 3e"2, valid for all real numbers

y=(n x)4, valid on the interval (0, o).
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11. y(t) = ype*
y(£) = 100e!5

12. y(t) = yoe*
y(t) = 20070

13. y(@) = yoek’
y(t) = 50e
y(5) =100 = 50¢>*
2=¢*
In2=>5k
k=021n2
Solution : y(r) = 50e2 " Dor y(r) = 50 « 20%

14. y() = yoe’“
¥(£) = 60
y(10) =30 = 60¢'%
10k

In—=10%

(SRS SRR

k=0.11n%=-—0.11n2

Solution: y(£) = 60e™ %1 " Dor y(r) = 60 « 2710

15. Doubling time:

A(t)= Aye”
2000 = 1000¢*%¢*
9 = (00860
In2=0.086¢
fe In2
0.086
Amount in 30 years:

A =10000%6X30 < $13197.14

=~8.06 yr

Doubling time:

A() = Age”

1200 = 600052
2 = 00525

In2=0.0525¢
In2

t= =~13.2 years

7 0.0525

18. Annual rate:

A(t) = A"
10,405.37 =1200¢C0

104.0537 _ 3o,

12
104.0537
n—=

12

30r
1

1

104.0537

r=—In—F-—-—"-=0.072=7.2%

30
Doubling time:
A() = Aye”
2400 =1200¢**
2 = 0072

In2=0.072¢
_ In2

19. (a) Annually:

12

2=1.0475

In2=¢Inl.
In

f=——
In1.0475

(b) Monthly:

0475

2
=~14.94 years

12¢
2=|14 0.0475
12

16. Annual rate:
AQt)= Age” In2=12t1n (1+0'0475)
4000 = 2000¢""> In 2
15r t= ~14.62 years
2=¢ 0.0475
In2=15r 12In | 1+
In2
r= = = 0.0462 = 4.62% (c) Quarterly:
4t
Amount in 30 years: 0= (1+ 0.0:05]
ARy = Aye”
A = 2000¢(n 215130 In2=4rIn1.011875
=2000¢* " 1= B2 468 years
5 41n1.011875
=2000 .2 )
= $8000 (d) Continuously:
.. . 2= e0.0475t
17. Initial deposit: In2 = 0.0475¢
AW = A" _m2
2898.44 = Aj® %00 = 00475~ 1439 years
44
4,=22840 _ 5600.00

el 575
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20. (a) Annually: increased by a factor of 4, i.e. doubled twice, in 2 hrs, so the
2=1.0825' doubling time is 1 hr. Thus in 3 hrs the population would
In 2=¢ In 1.0825 have doubled 3 times, so the initial population was
10,000
=Lz8.74 years 3 =1250.
In 1.0825
(b) Monthly: 25. 0.9=¢01%
0.0825 12t In0.9=-0.18¢
2=|1+ In 0.9
12 =18 ~0.585 days
0.0825 )
in2=12t1n (“ J 26. (a) Half-life = % - 013(2)5 ~138.6 days
In 2 )
t=——— 2 ~8.43 years (b)  0.05=¢ 0005
0.0825 ) :
12In| 1+ In 0.05=-0.005¢
' 12 In 0.05
(¢) Quarterly: t=— 0 0(')5 ~599.15 days
2={1+ 0.0825\" The sample will be useful for about 599 days.
27. Since y, = y(0) = 2, we have:
In2=4¢1n1.020625 &
In2 y=2e
= Fin1.020625 49 yeas 5=2:4
e In 5=1In 2+2
(d) Continuously: In 5-In2
1 = (008251 k= — - 0.51n2.5
In2= 0.&8225t Function: y = 2031025 op 5 o 2eo 4581
t= 0.0825 8.40 years 28. Since y, = y(0) = 1.1, we have:
dy y= 1.1
21. U -0.0077y 3=1.103)
1 In3=In 1.1-3%
[= dy=[-0.0077 ar ]
y k=—(In 1.1-In 3)
In y=~0.0077 3
@)oo years Function: y=1.1e M-I 303 p g 1 1703344
~0.0077 . 3 S
29, At time ¢ =—, the amount remaining is
2. Y_ ¢
@Y yoe ¥ = ype ¥F) = yoe™3 =~ 0.0498,. This is less than 5%
1. of the original amount, which means that over 95% has
J. dy= I (=kydt - decayed already.
In y=—kt —kt
30. T-T.=(T,-T
In (1/2) _ =Uo=T)e
B S— k 3565 = (T —65)e"FX10)
A (] 7
k=0.01067 50— 65 = (T, — 65)8—(16)(20)
23. (a) Since there are 48 half-hour doubling times in 24 hours, Dividing the first tion by th q have:
there will be 298 =2 8510 bacteria. ividing the first equation by the second, we have:

9 = 10k
(b) The bacteria reproduce fast enough that even if many ¢

1
are destroyed there are still enough left to make the k=—In2

person sick. 1.0 . . . .
Substituting back into the first equation, we have:

24. Usingy = yoe’“ , we have 10,000 = y0e3k and ~30 = (T, - 65) ¢~ [in 2)/1010)

Sk 40 000 ¥y, e . . 1
40,000 = y,e>. Hence ——— 10,000 yz 3¢ » Which gives -30=(T, - 65) 2
—-60=T,-65
% =4,0r k=1In 2. Solving10,000 = y,e*™2, we have 5o T°
=1p

¥, = 1250. There were 1250 bacteria initially. We could
solve this more quickly by noticing that the population

The beam’s initial temperature is 5°F.
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31. (a) First, we find the value of k.
T-T,=(T,-T)e™
60— 20 = (90— 20) ¢~ *X1

ize—IOk

7

k=—Ltm?
10 7

‘When the soup cools to 35°, we have:

35-20=(90-20) Ll0/10) In @l
15= 706[(1/10) In @Mt

mo =Ll
14 (10 7
101n(—3-

14

(3]
7
It takes a total of about 27.53 minutes, which is an
additional 17.53 minutes after the first 10 minutes.

t= =~ 27.53 min

(b) Using the same value of k as in part (a), we have:

T-T,= (T -T)e™
35— (__1 5) — [90 - (__1 5)]6‘[(1/10) In @/7))t
50 = 105e[(1/10) In @4/t

10 (1. 4
In—=!—In—1
21 (10 7

10 In 10
21

33.(a) T—T,=79.47(0.932)
(b) T =10+79.47(0.932)'

{0, 35] by [0, 90]

(¢) Solving T=12 and using the exact values from the
regression equation, we obtain = 52.5 sec.

(d) Substituting t=0 into the equation we found in part
(b), the temperature was approximately 89.47°C.

34. (a) Newton’s Law of Cooling predicts that the difference
between the probe temperature (7' ) and the surrounding
temperature (7;) is an exponential function of time,
but in this case 7; = 0, so T is an exponential function of
time.

(b) T=79.96x0.9273

[0, 40] by [0, 86]
(c) At about 37 seconds.

j (d) 76.96°C
t=—2=13.26
4 In 2
— 35.Usek= see Example 3).
In [7) 5700 ( ple 3)
It takes about 13.26 minutes e M =0.445
32. First, we find the value of k. —kt= 1n10.44254
Taking “right now” as t=0, 60° above room temperature — 0.445 =— 57001n0.445 =~ 6658 years
means Ty — T, = 60. Thus, we have ] k In2
T-T =(I,~T, )e_’“ Crater Lake is about 6658 years old.
— (—k)(—20)
70 =60¢ 36. Usek = In 2 (see Example 3).
T o0k 5700
Lo
6 (@ e =017
e=Ltm? —kt=1In 0.17
20—6
_ I (;.17 __STO0 0T 111 sears
(@) T-T, =(T,-T) oM — 60 V20mIONIS) _ 53 45 . . In2 .
It will be about 53.45°C above room temperature. ’ges;lrln]r;ngl died about 14,571 years before A.D. 2000, in
ot _ —kt _ g0y, (~(1/20)In(7/6)X120) _
(b) T-T,=(T,-T) e 60¢ 23.79 ®) e =0.18
It will be about 23.79° above room temperature. —kt=1n0.18
(© T-T, =(TO—Ts)e”'“ =_ln 2.18 =_570(1 11120.18 ~14,101 years
10 = 60t V20)n (16): _ n
The animal died about 14,101 years before A.D. 2000, in
12,101 B.C.

1 1.7
In-={-—In<l
6 (20 6)
_ 201 (1/6)

1n (7/6)

It will take about 232.47 min or 3.9 hr.

~232.47 min



36. Continued

(©) e¥=0.16
~kt=In0.16
_In0.16 _ 5700In0.16
ko In2
The animal died about 15,070 years before A.D. 2000, in
13,070 B.C.

= 15,070 years

37, Lo
3

_In@13) _ oo

— g 022

_ In(1/2)

022 =3.15 years

38. 3=¢"

‘= In(4)
0.11
39. y= yoe_kr

800 = 1000¢~*X10)
0.8=¢ 10
n0.8

f=—m2

10
Att=10+14=24h:

y= 1000e~Cn0-8/10)24
= 100062'4 08 585.4 kg
About 585.4 kg will remain.

=12.60 years

40. 02=¢70F
In0.2=-0.1t
t=-10 In 0.2~16.09 yr

It will take about 16.09 years.

dp_
4@ -~ =kp

- = (¢)Inon

P _ i an

P
| %p = [k dn
In|p|=kh+C
el _ ghc
| p] = Ceth
p=Ac”
Initial condition: p = p, when 2=0
Py = A
A=p,

Solution: p = poekh
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Using the given altitude-pressure data, we

have p, =1013 millibars, so:

p=1013¢"
90 = 1013%X20
90 20k

=ée
1013
L2 —0.121km™!
20 1013

Thus, we have p= 10138—0.121h

(b) At 50 km, the pressure is

1013120 mE01013)(50) _ 5 493 itlibars,

(¢) 900=1013c"
900 4
06 e
he 1 In 900 _ 201n(900/1013)
k1013 In (90/1013)
The pressure is 900 millibars at an altitude of about
0.977 km.

= 0.977 km

42. By the Law of Exponential Change, y = 100706 Att=1
hour, the amount remaining will be

100e7%%W ~ 54,88 grams.
43. (a) By the Law of Exponential Change, the solution is
V=V, W40

(b) 0.1= ¢ 140"

n 0.1=——
40
t=—401n0.1~92.1 sec

It will take about 92.1 seconds.

44. (a) A(t) = Aye’
It grows by a factor of e each year.

(b)3=¢
In3=t¢
It will take In3=1.1 yr.

can earn Age— Ag, or (e—1) times your initial amount.
This represents an increase of about 172%.

45.(a) 90=¢"X1%

1n90 =1007
r=190_ 6,045 or 4.5%
100
(b) 131=¢"X100
In131=100r
=181 6,049 or4.9%
100

eyeapyou;accounLgmwsimmAH&Aﬂgrsoyou—i
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46. (a) 2y, =y,¢"
2=¢"
In2=rt

In2
t=—=
;

L))

[0, 0.1] by [0, 100]

(c) In2=0.69, so the doubling time is 0—69 which is almost
r

the same as the rules.

@) ?: 14 years or —7—52-= 14.4 years

(e) 3y, =y,e"

3=¢"
In3=r
In3
t=—-
r
Since In3 = 1.099, a suitable rule is 10; or @
r i
(We choose 108 instead of 110 because 108 has more

factors.)

47. False. The correct solution is |¥|= els+C, which can be
written (with a new C) as y= Ce®™

48. True. The differential equation is solved by an exponential
equation that can be written in any base. Note that

Ce? = C(3’“) when k =2/ (In3).

49.D. A() = Aye"

52.E. T-68=(425-68) "
195— 68 =357¢730%

o0k 127 _ 0.356
357
;o In0356) _
-30
100 = 68 + 35700344
100 - 68
Inl 357
t=——>221_ 7 - 70min
—0.0344
70-30=40

. . . dv dv
53. (a) Since acceleration is —, we have Force = m— = —kv.
t t

(b) From mﬂ =—kv we get _d_v = —Ev, which is the
dt t m

differential equation for exponential growth modeled by
v=Ce WMt Sincev= v, at £=0, it follows
that C= v,

(c) In each case, we would solve 2 = ¢~*/m} _Tf f is
constant, an increase in m would require an increase in ¢.
The object of larger mass takes longer to slow down.
Alternatively, one can consider the equation

% = ——{c—v to see that v changes more slowly for larger
m
values of m.

54. (a) s(t) = J'voe—(k/m)tdt _ _Me—(k/m)r iC

Initial condition: s(0)=0

0=-22",c
k
" _ e
k
S(t) = _Me_(k/”’)' +M
k k

(e (1 _ e—(k/m)t)

2=1e"" k
: = i 2™ (1 ~kime ) _ Vo™
r=12 _ 6099 () lim s(t)=lim = (1= = k
f= he =11.1 55. L coasting distance
0.099 k

- ir (0.80X49.90)

50.C. A=A0(%) k =132
(o998
- 100( 1)199/r 33
2 We know that 20" =1.32 and £ =228 _20
k m 33(49.9) 33

In(.01)= gln (5)
r

. 199 In(.5) =30
In(.01)

We have:

s(t)= K)kﬁ(l _ e-—(k/m)t)
= 1'32(1 _ e—zor/33)
~ 1,32(1_ e—o.som)



55. Continued
A graph of the model is shown superimposed on a graph
of the data.

[0, 471 by [0, 1.4]
vy
56. -0 = coasting distance

(0.86)(30.84) ~0.97

k~27.343
s(t) = %”1(1— etimy

5(£) = 0.97(1 — ¢~ (2734330841

5(2) = 0.97(1— 7088661y
A graph of the model is shown superimposed on a graph
of the data.

[0, 3] by [0, 1]
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Graphical support:
2Y 2
=l 1+—| ,y,=e
b7 ( x] Yy

=

[0, 500] by [0, 10]

r=0.5
X
X (1 + E)
: X
10 1.6289
100 1.6467
1000 1.6485

10,000 1.6487
100,000 1.6487

% ~1.6487
Graphical support:

0.5Y 05
=1+ = R =e
yl ( X ) y2 ¢

P
57. (a) x %
)
u [0, 10] by [0, 3]
10 2.5937 S _ .
100 2.7048 (¢) As we compound more times, the increment of time
1000 27169 between compounding approaches 0. Continuous
10.000 27181 compounding is based on an instantaneous rate of
100.000 27183 * change which is a limit of average rates as the increment
e~ 2.7,183 in time approaches 0.
Graphical support: 58. (a) To simplify calculations somewhat, we may write:
P pport: at __—aty at
% w(t) = E(e —e e
yl=(1+_] N2 =€ k(e +e e
x 2at
= fﬂg_ e -l
k & +1
— ~ [7n_§(e2“'+1)—2
Yk 41
_ [me (1 _ L]
[0, 50] by [0, 4] k e +1
(b) r=2 The left side of the differential equation is:
dv mg 2at -2 2at
u m—=m,/—2 e“ +1) " (2ae
X (1 + 3) dt k @X a )
X
- 4ma E(e2“'+l)‘2(e2‘”)
10 6.1917 V k
100 7.2446 gk [mg 2,2
=dm, 2=, =2 (@ + 1) (™"
1000 7.3743 i e CRRR G

10,000  7.3876
100,000  7.3889

e? ~17.389

B 4mge*
(e2at +1)2
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58. Continued
The right side of the differential equation is:

mg 2 ¥V
-k =mg-k[—=|[1-
o=t =ma=k{ 5 1-

2
2
=mg|:l~(1—62m+l) :|

= mg[l -1+ 4 4 J
AU+l (@ +1)?
4 +1)-4 _ 4mg
(eZat + 1)2 - (e2at + 1)2
Since the left and right sides are equal, the differential
equation is satisfied.

0_ 0
And v(0) = % € Z€ _0,s0 the initial condition is

S +e’

also satisfied.

Exploration 2 Learning From the
Differential Equation

1. (Z—I; will be close to zero when P is close to 0 and when P

is close to M.
2. P is half the value of M at its vertex.

M dP

3. When P= > a = kP(M — P) is at its maximum.

4. When the initial population is less than M, the initial growth
rate is positive.

5. When the initial population is more than M, the initial
growth rate is negative.

6. When the initial population is equal to M, the growth
rate is 0.

7. lim P(t) = M, regardless of the initial population. The limit
t—>o0

at _ —at —at d d: 1 M.
(b) lim v(z) = lim 1{@78 e_ -e_ cpends onty on
1o e\ NV k" re™ e Quick Review 6.5
. mg 1—e7 2 x+1
=,hj£}, & 112 1 x-1} x*
_ [me(1=0)_ [me xox
k \1+0 k X
x-1
The limiting velocity is ,’% 1
x+1+ —1
x—
(© ,Fn—&=1’——1-62—z179 ft/sec 1
k 0.005 2 2
The limiting velocity is about 179 ft/sec, 2. x"-4)x
or about 122 mi/hr. x2—4
Section 6.5 Logistic Growth (pp. 362-376) 4 4
1+
Exploration 1 Exponential Growth Revisited x*—4
1. 100(2)"* = 409600 1
3. xt+x-2 ix2+x+1
2. 100(2)"*** = 4.97x10%
x24x-2
3. No. This number is much larger than the estimated number Y
of atoms. 3
1+—
4. 500,000=100(2)" X TX=2
1og 3000 _ ;12,29 houss =
log?2 4, x*-1|x" -5
5. y x—x
L x=5
i Pt
500,000 s
5. (oo, ©0)
6. lim 60 60

L L L L L L

<

= =60
x>01+5¢7 %% 1+5(0)



