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Chapter 6
Differential Equations and
Mathematical Modeling

Section 6.1 Slope Fields and Euler's Method
(pp. 321-330)
Exploration 1 Seeing the Slopes

1. Since % = 0 represents a line with a slope of 0, we should

expect to see horizontal slope lines. We see this at odd
multiples of 7 /2.

2. The formula % = cos x depends only on x, not on y.

3. Yes. The curves are vertical translations of each other, so
they all have the same slope at any given value of x.

4. At x=0, % =cos 0 =1, so the slope at 0 should be 1. That
appears to be the slope of each curve as it crosses the y-axis.
5. At x=m, ? =cos7 =-1, so the slope should be —1. That

X
appears to be the slope of each curve at x = 7.

6. Yes. The curves themselves are graphs of odd functions, but
we see that the slopes at the points (x, y) and (—x,—y) are
the same.

Quick Review 6.1

1. Yes. a4 e’ =¢*
dx
2. Yes. 4 e** = 4%
dx
3. No. 4 (x2e*)=2xe* + x%e*
dx
4. Yes. 4 e =2xe”
dx

5. No. i(e"2 +5)= 2xe™
dx

11. y=e** +secx+C

5=¢*® 1 gec(0)+C
Cc=3

12. y=tan 'x+InQx-1)+C

g=tan"'(1)+InQQ)-1)+C

3r
C=—
4

Section 6.1 Exercises
1. de = I(5x4 —sec? x)dx
y=x"- t-anx +C
2. _[dy: J(secxtanx—e")dx
y=secx—e" +C
3. '[dy= J.(sinx—e_x +8x})dx

y=—cosx+e * +2x* +C

4. de=j(%—x—12)dx=mx+;l—+c

5. jdy=j(5"1n5+ )dx=5x+tan_1x+C

2 +1

]dx:sin—lx—Z\/;+C

1 1

6. [dy= j[ﬁ T
7. [dy= [t cost®)dr =sin(*) +C
8. J-dy = _[costeSi“'dt

=e +C
9. [dy= [(sec®(x*)(5x") dx

= tan(x5 )+ C

10. _[dy = f4(sin u)3 cosudu

=i+ C=sin*u+C

dx N2x \2x
d
7. Yes.—secx=secxtanx
dx
8. No. ix"1 =—x7?
dx

9, y=3x+4x+C
2=3(1)*+4()+C
C=-5

10. y=2 sinx-3 cosx+C
4 =2 sin(0)~3 cos(0)+C
C=-17

11. _[dy:J-3sinx dx=-3cosx+C
2=-3 cos(0)+C, C=5
y=-3 cosx+5
12. _[dy:_[Zex-—cosx dx=2¢* —sinx+C
3=2¢"~sin(0)+C, C=1
y=2¢" —sinx+1
13, [du=[(7x° =32 +5)dr = x" ~ x* + 5x+C

1=17-1®3+5+C,

u=x"-x>+5x-4

C=-4



J 14. jdA:j(10x9+5x4—2x+4)dx=x1°+x5—x2+4x+c

C6=1"+1P -12+4(+C, C=1
A=x"4+x° —x® +4x+1

1
15. jdy=j(—x—2—xi4+12) dr=x"'+x+12x+C

3=1"+1% 4120 +C, C=-11
y=x""4+x2+12x-11 (x>0)

16. de= J‘(Ssec2 x—%«/;) dx=5tanx-x"%+C

7=5tan(0)—(0)*?+C, C=7
y=5tanx—x3’2+7

_ 1 t _ -1 t
17. jdy_j(l+t2+2 an)dt—tan 1+2'+C

3=tan 1 (0)+2°+C, C=2
y=tant+2" +2

18. jdx=j L 6)dr=mrert+6r4+C
t f2

O=ln(+1""+6()+C, C=-7
x=lnt+r +6:-7 (r>0)

1

&

. Jdv=f(4sect tant+e'+6t) dt=4sect+e' +3t*+C

5=4 sec(0)+e* +3(0°+C, C=0

v=4 sect+é +3t° (—E<t<£]
2 2

20. jds=jt(3t—2) dt=-12+C
0=1®-D*+C, C=0

s=t2—1?
dy_d
dx dx
y= Lxsin(tz) dt+5

21. I f(t)dt:d_‘i_ J"sin()dr

23. Graph (b).

$in0)*>=0
sin1)?>0
sin(-1)%>0

26. Graph (c).

sin0)Y°=0
sin1)*>0
Gin(-1)°<0

27. Graph (a).

(cos 0)2 >0
(cosl)2 >0
(cos(~ 1)2 >0

28. Graph (d).
(cos0)® >0
(cosl)3 >0
(cos(~2)° <0
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L =L st
. dx_dx B _dx 0 rar
u=J:VZ+cost dt-3
’ ..._(_1__ * _i * cost
23.F(x)—dxjaf(t)dt—dx_[2e dt
Fx)= j: e d+9
d s d ¢s
’ =— =— 3
4. G'(9)=— j fOdi=— jo tant dt

G(s)=‘|‘;3tantdt+4
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42.

dy _ D
x, ¥ E—y—l Ax Ay—dxAx (x+Ax, y+ Ay)
(1,3) 2.0 0.1 0.2 (1.1,3.2)
(1.1,32)] 22 0.1 0.22 (1.2,3.42)
(12, 2.42 0.1 0.242 (1.3,3.662)
3.42)
y=3.662
43. d 4
aQ -
*, ) Y% Ax | Ay pe Ax | (x+Ax, y+Ay)
1,2) 1.0 0.1 0.1 (1.1,2.1)
(1.1,2.1) 1.0 0.1 0.1 (12,2.2)
(12,22) 1.0 0.1 0.1 (13,2.3)
y=23
44,
x,y) %=2x—y Ax Ay=%Ax (x+Ax, y + Ay)
(1,0 2.0 0.1 0.2 (1.1,0.2)
(1.1,0.2) 2.0 0.1 0.2 (1.2,04)
(12,04) 2.0 0.1 0.2 (13,0.6)
. @[
AR ERR? AL y=0.6
FREPIA XIS PR E R
CEIdgRm e 45
NNNNARN :’\.'\.'\.\‘\"s\ : fb_’ _n _ .__dl
SraaaaaIabante 63 | G=2-x| A | Ay="Ax | A%y L)
AR EREERERE R
— 2,1 0.0 -0.1 0.0 (1.9, 1)
37. (a) i R ]
1 ‘\;—-rgg y 19, 1) 0.1 0.1 -0.01 (1.8, 0.99)
AR A}
¢ QHQS‘?’;" i1 E ; (18,099 o2 -0.1 -0.02 (1.7,0.97)
Ny
A AL X f y=0.97
38. (d) TSIy 46. dy dy
. FrIRNY [E2)) = =14+y| Ax |Ay=""Ax| (x+Ax, y+Ay)
o & &
33%‘1"% . 2,0 1.0 01 0.1 (1.9,-0.1)
} f N (1.9,-0.1) 0.9 -0.1 -0.09 (1.8,-0.19)
39, () FZr7 T TRESs (18,-0.19)| 081 -0.1 | -0.081 (17,-0.271)
SRS S RNV N _
Rasotoll A B N y=-0.271
el e
-‘.n.'-\.k\\.\':.\h 7,-:»..-_.-...-...- 47. dy dy
~movnand [1eeesas EY gy A s A [ A Y AY)
R RN sh"f’f’f‘r'
e 2,2) 0.0 | -01 0 (1.9,2.0)
40. () |1 sty
AR T F i v t W (19,2 -0.1 -0.1 0.01 (1.8,2.01)
IR L AU N H
AERE AT }f i (1.8,201) | =021 | -0.1 0.021 (1.7, 2.031)
RSPt e AL
RN ENNRIPA IR A y=2.031
41. d d 48.
@y | F=r-1| & |ay=F | Graxyray @y | Derogy| ac | ay=Lax|wraxyray
4.2 00 0.1 0 (.12 @0 0.0 -0.1 0.0 (1.9, 1.0)
(1.1,2) 0.1 0.1 0.01 (1.2,2.01) 191 Y Y ool (18, 10D
(12,200 02 0-1 0.02 (1.3,2.03) (18,1.01) | -022 -0.1 0.022 (1.7, 1.032)
y=2.03

y=1032



49. (a) Graph (b)

(b) The slope is always positive, so (a) and (c) can be ruled
out.

50. (a) Graph (b)

(b) The solution should have positive slope when x is
negative, zero slope when x is zero and negative slope

. s : dy
when x is positive since slope = i —X.

Graphs (a) and (c) don’t show this slope pattern.
y

LD
x

(a)

LD

b

L1

0
©

51. There are positive slopes in the second quadrent of the
slope field. The graph of y = x2 has negative slopes in the
second quadrent.

52. The slope of y = sin x would be +1 at the origin, while the
slope field shows a slope of zero at every point on the
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>4 x,y) %=2x—1 Ax Ay:%Ax (x+Ax, y+Ay)
2,3 3.0 -0.1 -0.3 19,27
1.9,2.7) 2.8 -0.1 -0.28 (1.8,2.42)
(1.8,2.42) 2.6 -0.1 -0.26 (1.7, 2.16)
1.7,2.16) 2.4 -0.1 -0.24 (1.6,1.92)
y=192

Euler’s Method gives an estimate f(1.6) = 1.92. The
solution to the initial value problem is f(x) = x2 - x + 1,
from which we get f(1.6) = 1.96. The percentage error is

thus w =2%.

1.96
55, At every (x, y), (¥ 2)(e¥ ™2y = —¢% = —1, so the slopes

are negative reciprocals. The slope lines are therefore
perpendicular.

56. Since the slopes must be negative reciprocals,

glx)= L = —COSX.
secx

57. The perpendicular slope field would be produced by

d .
?d% =—sin x, so y = cos x + C for any constant C.

58. The perpendicular slope field would be produced by

% =-x,s0y=—0.5x> + C for any constant C.

59. True. They are all lines of the form y = 5x + C.

60. False. For example, f(x) = x%is a solution of % =2x,
but f —l(x) = «/; is not a solution of % =2y.

61. C, For all points withy =42, m =42 -42=0

62.E.y<0, 2> 0, therefore % < 0.

y-axis.
53, & iy 63.B.y(0)=¢" =1
(x, y) ——=2x+1| Ax | Ay=—7Ax | (x+Ax, y+ Ay)
dx dx dy x?
5= 2xe” =2xy.
1,3) 30 0.1 03 (I.1,33) ax
(1.1,3.3) 32 0.1 0.32 (12,3.62) 64. A
(12,3.62) 34 0.1 0.34 (1.3,3.96)
(1.3,3.96) 3.6 0.1 0.36 (14,4.32)
y=4.32

Euler’s Method gives an estimate f(1.4) = 4.32.
The solution to the initial value problem is
f(x)= x*+x+ 1, from which we getf(1.4) = 4.36. The

4.36-4.32

percentage error is thus =0.9%.
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D gy (x—x72) dx
Idx2 I 2 1

y=tx =242 1C
2 2 x

Initial condition: y(1) =2

2
Solution: y=x—+l+l,x>0
2 x 2

x? / 1
(b) Again,y=—+—+C.
2 x

Initial condition: y(-1) =1

Solution: y=x—+l+é,x<0
2 x 2

2
(c)Forx<0,ﬂ=i l+x—+C1
de dxlx 2

(e) y(2)=-1 y(~2)=2
2 2
—1=l+—2—+C2 L+( 2 +C,
2 -2 2
—1~%+C2 2=%+C1
7 1
—L=C, =6

Thus, C,= —;— and C, = ——.

66. (a) i(]n x+C)=l forx>0
dx x

d 1 d 1 1
() —[In (~x)+CJ=—E<—x)=(3)(~1)=—

-x x
forx<0

(¢c) For x>0, ]n|x| +C =Inx+C, which is a solution to the
differential equation, as we showed in part (a). For
x<0,1Infx|+C =In(~x)+C, which is a solution to the

differential equation, as we showed in part (b). Thus,

4 In |x| = 1 for all x except 0.
dx x

(d) For x < 0, we have y = In (=x) + C;, which is a solution
to the differential equation, as we showed in part (a).
For x > 0, we have y=1In x + C,, which is a solution to
the differential equation, as we showed part (b). Thus,

@ = 1 for all x éxcept 0.
X

67. (@) ¥ = [(12x+4)dx

=——2+x 2
X Y =6x"+4x+C
=x—x—12. y=j(6x2+4x+cl)dx
) y=2x2+2x2 +Cx+C,
d|1l x
Forx>0,2 =% —+—+C, )
dx dxlx 2 (®) ¥ = [ (e +sinx)dx
=—i2+x y =¢e"—cosx+C
x ) y=j(ex—cosx+C1)dx
”x_x—z- y=e =sinx+Cx+C,

And for x=0, % is undefined.

(d) Let C, be the value from part (b), and let C, be the value

from part (a). Thus, C; =% and C, =%.

]

© ¥= [ +x%)dx



68.(a) y' = j(24x2 —10)dx

y =8x3-10x+C
3=8(1)° ~10()+C
Cc=5
y=[(8x*~10x+5)dx
y=2x4—5x2+5x+C
5=20)* =50y’ +501)+C
Cc=3
y=2x4—5x2+5x+3

(b) ¥ = [(cosx—sinx)dx

(c)

y =sinx+cosx+C
2=sin0+cos0+C
Cc=1

y= I(sinx+cosx+1)dx

y=~cosx+sinx+x+C
0=-cos0+sin0+0+C
Cc=1
y=-cosx+sinx+x+1

y=[ -x)dx
2
4 X X
= -2 4C
y=e 2
2
0=-2Lyc
2

Cc=-1

2
yzj.[ex_x__l]dx
2
3
y X
=e" -~ —x+C
y=e 6 X
3
1=~ % _04c
6
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(e y=xy

% ( c ex2/2) = Ce™?
y=C ex’/z

70.(@) y"'=x
2
x
‘= |xdx=—+C
y Ix 5 TH

2 3
X X
y=J(7+Cljdx= ?+C1x+C2

(b) y'=-x
, x*
¥ =[endi=-"-+C,

2 3
X X
y=j[—7+cl]dx=—z+clx+cz

(¢) y'=-sinx
y'=j(—simc)dx=cosx+c1
y:_[(cosx+C1)dx=sinx+C1x+C2
@y’ =y
d —_ P —X ’
E(Cle"+c2e )=t -G =y
d x —x x — ,”
E(Cle -Che ):Cle +Ce =y
y=Cie" +Cye™
€ y'=-y
g«(Clsinx+C2cosx)=Clc0sx—C2sinx=y’
X
di(Clcosx—Czsinx)z—C1 sinx—C,cosx
X

y=C;sinx+C,cosx

269

Cc=0
3 Section 6.2 Antidifferentiation by
y=e'~ <% Substitution (pp. 331-340)
69.(a) y=x Exploration1 Are J f(u) du and J'f(u) dx the
2
y=dex=—+C Same Thing?
1. Jr Ffadu= J‘.va3wu
b) y=-x i . ﬁ e
y=[Cxdi=-2+C 4
, ut ( 2 )4 8
= 2. = =2
(© yd y 2 2 2
E(Ce )=Ce 3 f(u):u3—(x2)3=x6
=Ce” 7
(@) :'_—y _[f(u)dx:fxﬁdxz%



