10. Continued

Since y = x+3, the solutions are:
15

d_
130V

In ordered pair notation, the solution are (0, 3) and
2415
13713/
Section 4.4 Exercises
1. Represent the numbers by x and 20 — x, where 0 < x < 20.

x=0andy=3, o, x=—

(a) The sum of the squares is given by
f(x)=x?+(20-x)? =2x% —40x +400. Then
f’(x)=4x—40. The critical point and endpoints occur
at x=0,x=10, and x =20. Then f (0) =400, £ (10) =
200, and f(20) = 400. The sum of the squares is as large
as possible for the numbers 0 and 20, and is as small as
possible for the numbers 10 and 10.

Graphical support:

Hiniraum

B0 sorsaansesVZ200 casaras
[0, 203 by [0, 450]
(b) The sum of one number plus the square root of the other
is given by g(x)=x++20—x. Then

1
g’(x)=1——=—=—=. The critical point occurs when
2420-x

2420-x=1, 5020 — x= i andx=74—9. Testing the

endpoints and critical point, we find g(0)= \/2_ =

79
4

x++20—x is as large as possible when the numbers

447, g( J = %1— =20.25, and g (20) = 20. The sum

are x=74—9 and20—x=%. The sum x++/20—x isas

— smallaspessible-when the pwmbersarex=0and

20—-x=20.
Graphical support:

/

Naxi
e T

[0, 20] by [—10, 251
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2. Let x and y represent the legs of the triangle, and note that
0<x<5. Then x? +y2 = 25, so y=\/25—x2

(since y > 0). The areais A= %xy: %x\IZS—x2 s

S0 %=lx;(—2x)+%\/25—x2

dx 2 92542
_ 25-2x2
25— 52

The critical point occurs when 25— 2x% = 0, which means

x= %, (since x > 0). This value corresponds to the largest
. . dA 5
possible area, since — >0 for0<x <—= and —<0
dx N

fori<x <5.When x=%, we have

V2

O

Thus, the largest possible area is % cm?, and the

5 5
dimensions (legs) are —=cm by —=cm.
V2 2

Graphical support:

Haximum
HE35355338 ¥26.25
[0, 5]by [2,7]

3. Let x represent the length of the rectangle in inches (x > 0).

Then the width is 16 and the perimeter is
x

P(x)=2(x+16j 2x +¥
X X

2(x% -16)

)
occurs at x = 4. Since P/(x) <0for0<x <4 and
P’(x)> 0 for x > 4, this critical point corresponds to the
minimum perimeter. The smallest possible perimeter is
P(4)=16 in., and the rectangle’s dimensions are 4 in.
by 4 in.

Graphical support:

7

Kinimum
=4

[0, 20] by [0, 40] .

Since P/(x)=2-32x"%= this critical point

V=16 caiitans
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4. Let x represent the length of the rectangle in meters
(0 <x <4). Then the width is 4 — x and the area is
A(x)=x(4—x)=4x—x2. Since A’(x) = 4 - 2x, the critical
point occurs at x=2. Since A'(x)>0forO<x<2
and A’(x) < 0 for 2 < x < 4, this critical point corresponds
to the maximum area. The rectangle with the largest area
measures 2 m by 4 — 2 =2m, so it is a square.

Graphical support:

Haximum
H=2 =y

[0,4] by [—1.5, 5]

5. (a) The equation of line AB is y=—x+1, so the
y-coordinate of Pis—x + 1.

(b) A(x)=2x(1-x)
(c) Since A’(x)= %(Zx —2x2)=2-4x, the critical point
occurs at x =% . Since A’(x) >0forO<x< % and

A’(x) <0 for % < x < 1, this critical point corresponds

to the maximum area. The largest possible area is

A[%) = % square unit, and the dimensions of the

rectangle are —;— unit by 1 unit.

Graphical support:

Graphical support:
B ey

[0, V12] by [—10, 40)

. Let x be the side length of the cut-out square (0 < x < 4).

Then the base measures 8 — 2x in. by 15 — 2x in., and the
volume is

V(x)=x(8—-2x)(15-2x) = 4x> — 46x* +120x. Then
V/(x)=12x> - 92x +120 = 4(3x = 5)(x — 6).

Then the critical point (in 0 < x < 4) occurs at x = % Since

V'(x)>0 for0<x<§ and V'(x)<0 for§<x<4,

the critical point corresponds to the maximum volume.

The maximum volume is V(g) = %Q =90.74in’ , and the

dimensions are —z-in. by % in. by %5- in.

Graphical support:

Haximurm
x:xfas'%sas? ¥280.740241

[0, 4] by [—25, 100}

. Note that the values a and b must satisfy a? + 52 = 20% and

50 b=+/400—a?. Then the area is given by

A=%ab=—;-a 400—-a? for 0 < a <20, and

aXimuny
e e aa_ -l—a S S (-2a)+ 1\/ 400 - a*
[0, 1] by [~0.5, 1] da 2 | 24/400- g 2
6. If the upper right vertex of the rectangle is located at - a® + (400 - a2) 200 — a2 The critical poiat occurs
2 , = = .
(¢, 12— x®) for 0 < x <+/12, then the rectangle’s 2\II4U0 2 \II4UU 2

dimensions are 2x by 12— x2 and the area is

A (x)=2x (12 -x*) =24x~2 x>. Then

A’(x) = 24— 6x% = 6(4 — x?), so the critical point
(forO0<x< \/E ) occurs at x = 2. Since

A'(x)>0 for0 < x <2 and A"(x) <0 for2< x <12, this

critical point corresponds to the maximum area. The largest
possible area is A(2) =32, and the dimensions are

4 by 8.

when a? = 200. Since fzdé >0 for0<a<+200 and
a

Z—A <0 for 4200 < a < 20, this critical point corresponds to
a

the maximum area. Furthermore, if a=+/200 then

b=+400—4* = /200, so the maximum area occurs when
a=b.



8. Continued
Graphical support:

Haxirum
H=iyanzi3a v=i0g

[0, 20] by [—30, 110]

9. Let x be the length in meters of each side that adjoins the
river. Then the side parallel to the river measures 800 — 2x
meters and the area is

A(x) = x(800—2x) = 800x — 2x? for 0 < x <400.
Therefore, A’(x)=800—4x and the critical point occurs at
x =200. Since A’(x) >0 for 0 < x <200 and

A’(x) <0 for 200 < x < 400, the critical point corresponds
to the maximum area. The largest possible area is

A(200) = 80,000 m? and the dimensions are 200 m
(perpendicular to the river) by 400 m (parallel to the river).

Graphical support:
Haximur
#=500 ¥=B0000

[0, 400] by {—25,000, 90,000}

10. If the subdividing fence measures x meters, then the pea
patch measures x m by 216 m and the amount of fence
x

needed is f(x)=3x+ 2(&J =3x+432x7". Then
x

fix)=3- 432x7% and the critical point (for x > 0) occurs
at x=12. Since f'(x)<0 for0< x <12 and
f(x)> 0 forx > 12, the critical point corresponds to the

minimum total length of fence. The pea patch will measure
12 m by 18 m (with a 12-m divider), and the total amount
of fence needed is f(12)=72m.
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11. (a) Let x be the length in feet of each side of the square
base. Then the height is g ft and the surface area (not
x

including the open top) is

500
2

S(x)=x? +4x[
X

) = x? +2000x~". Therefore,

2(x* —1000)
X

point occurs at x = 10. Since $’(x) <0 for0<x <10

and §’(x) >0 forx > 10, the critical point corresponds

S'(x) =2x—2000x2 = and the critical

to the minimum amount of steel used. The dimensions
should be 10 ft by 10 ft by 5 ft, where the height is 5 ft.

(b) Assume that the weight is minimized when the total
area of the bottom and the four sides is minimized.

12. (a) Note that x>y=1125,50 y= % Then
X

c=5(x% +4xy)+10xy
=5x2 +30xy

=5x% + 30;{@]

X
=5x2 +33,750x7"

10(x> - 3375)

2
X

4 _10x- 33,750x7% =
dx

The critical point occurs at x = 15. Since % <0 for

O0<x<15 and % > () for x > 15, the critical point

corresponds to the minimum cost. The values of x and y
arex=15ftand y=>5 ft.

(b) The material for the tank costs 5 dollars/sq ft and the
excavation charge is 10 dollars for each square foot of
the cross-sectional area of one wall of the hole.

13. Let x be the height in inches of the printed area. Then the

width of the printed area is 50 in. and the overall
X

Graphical support: dimensions are x + 8 in. by 20 +4 in. The amount of paper
A
used is A(x) = (x+8)(~5~9+4j = 4x+82+ %% 12 Then
X x
2 —_—
Hinimur - A'(x)=4-400x72 = 4 ~100) and the critical point
Y S x?

[0, 40] by [0, 250]

(for x > 0) occurs at x = 10. Since A’(x)<0for 0<x <10

and A’(x) > 0 forx > 10, the critical point corresponds to

the minimum amount of paper. Using x + 8 and 0 +4 for
x

x =10, the overall dimensions are 18 in. high by 9 in. wide.



186 Section 4.4

14. (@) s(r) = ~16¢* +96:+112
v(t)=s"(t)=-32t+96
At t =0, the velocity is v(0) = 96 ft/sec.

(b) The maximum height occurs when v(f) = 0, when ¢ = 3.
The maximum height is s(3) = 256 ft and it occurs at
t=3 sec.

(c) Note that s(z) = ~16£% +96r+112= =16t +1)(t—17),
sos=0att=-1ort="7. Choosing the positive value,

of ¢, the velocity when s = 0 is v(7) = —128 ft/sec.
15. We assume that a and b are held constant. Then

A@) = —;-ab sin @ and A’(0) = —;—ab cos 0. The critical point

(for 0 <6 < ) occurs at 6 = -’23 Since A’(6) > 0

for 0<9<§ and A’(8) <0 for §<9<n’,
the critical point corresponds to the maximum area. The
angle that maximizes the triangle’s area is 8 = %(or 90°).

16. Let the can have radius r cm and height 2 cm. Then

1000

nr?

A=nr? +2nrh=nr? + @’ S0 Z—A =27 — 20007 2
r

wrih= 1000,s0 A = . The area of material used is

_ 2mr® ~2000

r2

r= 3’-1—@ =107 ¢m. Since @ <0
w dr

for0<r <107~ and Z—A >0 forr>107
r

. The critical point occurs at

v 3, the critical

point corresponds to the least amount of material used and
hence the lightest possible can. The dimensions are
r=107"" ~6.83cmand h=107""> ~6.83cm. In Example
4, because of the top of the can, the “best” design is less big
around and taller.

17. Note that 7+*h =1000,s0 k= 10020 . Then
r

15-2x in, so the

18. (a) The base measures 10 - 2x in. by

volume formula is
Vix) = x(10— 2x2)(15 —2x)

(b) We require x > 0, 2x < 10, and 2x < 15. Combining
these requirements, the domain is the interval (0, 5).

=2x>-25x* +75x.

[0, 5] by [—20, 80]

©

Haximupm
H=1.5616739 V=65.045140.

[0, 51 by [—20, 80)
The maximum volume is approximately 66.02
when x = 1.96 in.

(d) V'(x)=6x*—50x+75
The critical point occurs when V’(x) =0, at

50 £J(=50) - 4(6X75) _ 50£+/700 _ 2557
2(6) 12 6
that is, x = 1.96 or x = 6.37. We discard the larger value
because it is not in the domain. Since V”(x) = 12x - 50,
which is negative when x =~ 1.96, the critical point
corresponds to the maximum volume. The maximum

25-5\7
6

volume occurs when x = ~1.96, which

confirms the result in (c).

19. (a) The “sides” of the suitcase will measure 24 — 2x in. by
18 — 2x in. and will be 2x in. apart, so the volume
formula is

V(x)=2x(24—2x)18 —2x) = 8x® —168x? +864x.
(b) We require x >0,2x <18, and 2x <24. Combining

A=8r2+2n'rh=8r2+M, $0
r

A 16r-2000r2 =
dr r

16(r> =125)

3 . The critical point

oceurs at r=3125=>5cm. Since ié<0 for0<r<5and
r

‘;—A >0 for r> 35, the critical point corresponds to the least
r

amount of aluminium used or wasted and hence the most

. . . 40
economical can. The dimensions are =5 cm and h=—,,
n

. . 8
so the ratioof hto ris — to 1.
b3

these requirements, the domain is the interval (0, 9).

{0, 9] by [-400, 1600]



19. Continued
(©

Haxiraum

=3, 2044487 Y¥=1309.9547
{0, 91 by [—400, 1600]
The maximum volume is approximately 1309.95
when x = 3.39 in.

(d) V'(x) = 24x* —336x + 864 = 24(x”* — 14x + 36)
The critical point is at

2
x=14i\/(—14) —4(1)(36):1412\/5_2___7 +JT3, that

2(1)

is, x=3.39 or x = 10.61. We discard the larger value
because it is not in the domain. Since V”(x) =
24(2x —14), which is negative when x = 3.39, the critical
point corresponds to the maximum volume. The
maximum value occurs at x=7— \/B = 3,39, which
confirms the results in (c).

(e) 8x3—168x2 +864x=1120
8(x3-21x2 +108x~140)=0
8(x-2)(x-5)(x-14)=0
Since 14 is not in the domain, the possible values of
xarex=2in.orx=>5in.

(f) The dimensions of the resulting box are 2x in.,
(24 - 2x) in., and (18 — 2x) in. Each of these
measurements must be positive, so that gives the
domain of (0, 9)

20.

I 6 mi
b x ~t 6-x
7

i | AL

_|. 1 /V4 + x* miles
Jane\/

Let x be the distance from the point on the shoreline nearest
Jane’s boat to the point where she lands her boat. Then she

needs to row V4 +x* mi at 2 mph and walk 6 — x mi at

Village
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Solving f’(x)=0, we have:

_x 1
Warx? 3
5x=2v4+x2
25x% = 4(4+x%)
21x% =16

4
x=t——
V21
We discard the negative value of x because it is not in the
domain. Checking the endpoints and critical point, we have
4
fO)= 2.2,f(—] =2.12,and f(6) = 3.16. Jane should
V21

land her boat % ~().87 miles down the shoreline from
21

the point nearest her boat.
21. If the upper right vertex of the rectangle is located at
(x, 4 cos 0.5x) for 0 < x < 7, then the rectangle has width

2x and height 4 cos 0.5x, so the area is A(x) = 8x cos 0.5x.
Then A’(x) = 8 x(~0.5 sin 0.5x) + 8(cos 0.5x)(1)

=—4x sin 0.5x + 8 cos 0.5x.
Solving A’(x) graphically for 0 < x < 7, we find that

x = 1.72. Evaluating 2x and 4 cos 0.5x for x = 1.72, the
dimensions of the rectangle are approximately 3.44 (width)

by 2.61 (height), and the maximum area is approximately
8.98.

22. Let the radius of the cylinder be r cm, 0 < r < 10. Then the
height is 24/100—7? and the volume is

V() = 2123100 - r*cm®. Then
2mr? [—1 - ](—’Zr) +(273100-72)(2r)
2W100-r

_ =271 +4mr(100 - r?)
\/ 100-72
_ 27r(200-3r%)

V100-

The critical point for 0 < » < 10 occurs at

Vi(n

5 mph. The total amount of time to reach the village is oo A ey
i 6o r= ‘—‘3’”:10\/? Since V’(r) > 0 for O<r<10\j§ and
fx)= 2 + hours (0 <x<6). Then
1 1 1 x 1 V'(r) >0 for 10\/2 <r <10, the critical point corresponds
F0) =)= — . 3
2 W4+ x? S 2Ja+x® S to the maximum volume. The dimensions are

r= 10\/§z8.16 cmand k= @ =~11.55 cm, and the
3 3
volume is 40007 ~2418.40 cm®,

33
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23. Set r'(x)=c’(x): 4x7V? = 4x. The only positive critical
value is x = 1, so profit is maximized at a production level
of 1000 units. Note that (» —¢)"(x) = —2(x)_3/ 2_4<0 for
all positive x, so the Second Derivative Test confirms the
Maximum.

24. Set r'(x) = ¢’(x): 2x / (x* +1)* = (x - 1)2. We solve this
equation grpahically to find that x = 0.294. The graph of
y=r(x) - c(x) shows a minimum at x =~ (0.294 and a
maximum at x = 1.525, so profit is maximized at a
production level of about 1,525 units.

25. Set ¢(x)= € = x* ~10x+30. The only positive solution
x

d(clx . e
0 E[QJ =0 is x=15, so average cost is minimized at a
x

production level of 5000 units. Note that

2 .
L[@) =2>0 for all positive x, so the Second
dx*\ x
Derivative Test Confirms the minimum.
26. Set ¢(x) = 0] = ¢* —2x. The only positive solution to
x
i(@) =0 isx =1In 2, so average cost is minimized at a
dx\ x .
production level of 1000 In 2, which is about 693 units.

2
Note that %(@) =¢* >0 for all positive x, so the
x

Second Derivative Test confirms the minimum.

27. Revenue: r(x) ={200—2(x - 50) Jx = —2x* +300x
Cost: ¢ (x) =6000+32x
Profit: p(x) =r(x)—c(x)

=-2x" +268x ~6000,50 < x < 80
Since p’(x) = —4x + 268 = —4(x — 67), the critical point
occurs at x = 67. This value represents the maximum
because p” (x) = —4, which is negative for all x in the
domain. The maximum profit occurs if 67 people go on the
tour.

(©)

0.1 | 371033
02 | 286 | 044
03 | 236 | 046
04 | 2.02 | 043
05 | 1.76 | 0.38
06 | 155 031
07 | 138 {023
0.8 | 1.23 | 0.15
09 | 1.11 | 0.08
1.0 | 1.00 | 0.00

[0, 1.1] by [-0.2, 0.6]

(d) Quadratic:

A=~-0.91a%+0.54a+0.34

A
/ N

[-0.5, 1.5] by [-0.2, 0.6]

Cubic:
A~1.74a>-3.784% +1.86a+0.19

f\ J

[-0.5, 1.5] by [-0.2, 0.6]

28.(a) f/(x)=x(—e " )+e*(N)=e¢*(1-x)
The critical point occurs at x = 1. Since f”(x) > 0 for
0<x<1andf’'(x) <0 forx> 1, the critical point
corresponds to the maximum value of f. The absolute

maximum of foccurs at x = 1.

(b) To find the values of b, use grapher techniques to
solve xe™* =0.1e0!, xe™* = 0.2¢7%2, and so on. To
find the values of A, calculate (b — a) ae “, using the
unrounded values of b. (Use the list features of the
grapher in order to keep track of the unrounded values
for part (d).)

[-0.5, 1.5] by [-0.2, 0.6]



28. Continued
(e) Quadratic:

/N

:lx'num \
R T W
[~0.5, 1.5] by [-0.2, 0.6]

According to the quadratic regression equation, the
maximum area occurs at @ =~ 0.30 and is approximately
0.42.

Cubic:

I\

Haximum
H=.3'1'05!05‘| Y= 4Eauak3Y

[—0.5, 1.5] by [-0.2, 0.6}

According to the cubic regression equation, the
maxiumu area occurs at a =~ 0.31 and is approximately
0.45.

Quartic:

N\

chim{lm \
HeaPhizyy 4= MEDBESEZ

[—0.5, 1.5] by [-0.2, 0.6]

According to the quartic regression equation the
maximum area occurs at g = 0.30 and is approximately
0.46.

29. (a) f'(x) is a quadratic polynominal, and as such it can
have 0, 1, or 2 zeros. If it has O or 1 zeros, then its sign
never changes, so f(x) has no local extrema.

If £’(x) has 2 zeros, then its sign changes twice, and
£(x) has 2 local extrema at those points.

(b) Possible answers:
No local extrema: y = x3;
2 local extrema: y = ¥ =3x

Section4.4 189

31. Since 2x + 2y =36, we know that y = 18 — x. In part (a),
the radius is ZL and the height is 18 — x, and so the
7

volume is given by
2
wrth=n| | 18-x)= -1 2218 x)
27 4r

In part (b), the radius is x and the height is 18 — x, and so
the volume is given by 7r*h=7x>(18—x). Thus, each
problem requires us to find the value of x that maximizes
F(x)=x%(18~x) in the interval 0 < x < 18, so the two
problems have the same answer.

To solve either problem, note that f(x) =18x2 — x> and so
S(x)=36x—3x2 =-3x(x—12). The critical point occursat
x=12.Since f'(x)>0 forO<x<12and f'(x)<0

for 12 < x <18, the critical point corresponds to the
maximum value of f (x). To maximize the volume in either
part (a) or (b), letx =12 cm and y = 6 cm.

32. Note that 4% +72 =3 and so r=+3—-h?. Then the volume

is givenby V="2r2h="3-mh=rh—Zh for
3 3 3
dv ) ) y
0<h<+f3,and so ~ =%~ h" = (1= h"). The critical
. . dv
point (for > 0) occurs at = 1. Since E>O forO<h<1

and %—:— <0 for 1<h< «/5 , the critical point corresponds
to the maximum volume. The cone of greatest volume has

radius \/5 m, height 1 m, and volume Z?Enﬁ

33. (a) We require f(x) to have a critical point at x = 2. Since

flx)=2x-ax?, wehave f'(2)=4 —% and so our

requirement is that 4 — % = 0. Therefore, a = 16. To

verify that the critical point corresponds to a local

minimum, note that we now have f’(x)=2x- 16x72

and so f”(x)=2+32x">, so f”(2)=6, which is

30. Let x be the length in inches of each edge of the square end,

and let y be the length of the box. Then we require
4x+y<108. Since our goal is to maximize volume, we
assume 4x +y = 108 and so y = 108 — 4x. The volume is
V(x) = x*(108 - 4x) = 108x% —4x>, where 0 < x < 27.
Then V’=216x —12x% =-12x(x — 18), so the critical
point occurs at x = 18 in. Since V’/(x)>0 forO<x <18

and V’(x) <0 for 18 < x <27, the critical point corresponds

to the maximum volume. The dimensions of the box with
the largest possible volume are 18 in. by 18 in. by 36 in.

positive as expected. So, use a = 16.

(b) We require f”(1)=0. Since f”=2+2ax">, we have
= 2+2a, so our requirement is that 2 +2a = 0.
Therefore, a = —1. To verify that x = 1 is in fact an
inflection point, note that we now have
f”(x)=2-2x", which is negative for 0 < x < 1 and

positive for x > 1. Therefore, the graph of fis concave
down in the interval (0, 1) and concave up in the
interval (1,0), So,use a=-1.
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25 —a

x2

3. f/(x)=2x- ax? =

, 50 the only sign change in

/3
f(x) occurs at x= (%) , where the sign changes from

negative to positive. This means there is a local minimum at
that point, and there are no local maxima.

35. (a) Note that f'(x)= 3x2+2ax+b. We require f'(-1)=0
and f’(3)=0, whichgive3-2a + b =0and
27 + 6a + b = 0. Substracting the first equation from the
second, we have 24 + 8a = 0 and so ¢ = —3. Substituting
into the first equation, we have 9+ b= 0,s0 b =-9.
Therefore, our equation for f(x) is f(x)=
x3 —3x2 —9x. To verify that we have a local maximum
at x=—1 and a local minimum at x = 3, note that
fi(x)=3x?—-6x—9 =3(x+1Xx—3), which is positive
for x < —1, negative for —1 < x < 3, and positive for x >
3.So,usea=-3 and b=-9.

(b) Note that f’(x)=3x>+2ax+b and f”(x)=6x+2a.

We require f’(4)=0 and f”(1) =0, which give
48 + 8a + b =0 and 6 + 2a = 0. By the second
equation, a = -3, and so the first equation becomes
48 — 24 +b = 0. Thus b = -24. To verify that we have a
local minimum at x = 4, and an inflection point afx = 1,
note that we now have f”(x)=6x—6. Since f”
changes sign at x = 1 and is positive at x =4, the desired
conditions are satisfied. So, use a = -3 and b = 24,

36. Refer to the illustration in the problem statement. Since

9- y2.

x4+ y2 =9, wehave x= Then the volume of the

cone is given by

L o, 1,
V==nr‘h=—- +3
37z:r 3ﬂ'x (y+3)

- %n(9-y2><y+3>

= g(—f -3y" +9y+27),

for -3<y<3.
Thus Z—V —(—3y —6y+9)~—n:(y +2y~3)
y

ﬁw—ﬁi——ﬁ—s
=—7(y + 3)(y—1), so the critical point in the 38-a) Note tha

interval (-3, 3) is y = 1. Since %‘i >0 for 3<y<1 and
Yy

‘2—V <0 for I <y< 3, the critical point does correspond to
Y

the maximum value, which is V(1) = 327” cubic units.

37. (a) Note that w? +d? =122, sod =

)

(©)

144 —w?
may write § = kwd? = kw(144 — w?) = 144kw — kw’

. Then we

forO0<w<12, so 3—S= 144k — 3kw?* = —3k(w? ~ 48).

W

The critical point (for 0 < w < 12) occurs at

w=m=4\/§. Since j—S>O for 0<w<4\/§ and
w

g—s— <0 for 4\/5 <w<12, the critical point
w

corresponds to the maximum strength. The dimensions
are 4\/5 in. wide by 4\/3 in. deep.

[0, 12] by [—100, 800}

The graph of S =144w—w? is shown. The maximum
strength shown in the graph occurs at w= 43 =6.9,
which agrees with the answer to part (a).

dw

[0, 12] by [—100, 800]
The graph of S =d?+144—d? is shown. The
maximum strength shown in the graph occurs at

d= 4x/g =~ 9.8, which agrees with the answer to part

(a), and its value is the same as the maximum value
found in part (b), as expected.

Changing the value of k changes the maximum strength,
but not the dimensions of the strongest beam. The
graphs for different values of k look the same except
that the vertical scale is different.

henwe

may write S = kwd® = kw(144 - w?)¥?, so

9 e 5(144~w2)1/2(—2w)+k(144—w2)3/2

= (kv144— w?) (=3w? +144 - w?)
= (~4kv/144 - w? ) (w? —36)

The critical point (for 0 < w < 12) occurs at w = 6. Since

is'—>0 for 0<w<6and£<0for6<w<12, the
dw dw

critical point corresponds to the maximum stiffness.

The dimensions are 6 in. wide by 6\/_3- in. deep.



38. Continued
(b)

[0, 12] by [-2000, 8000]

The graph of S =w(144— w?)¥? is shown. The
maximum stiffness shown in the graph occurs at w =6,
which agrees with the answer to part (a).

(©

[0, 12] by {2000, 8000]

The graph of S = d*\144—4d? is shown. The
maximum stiffness shown in the graph occurs at

d= 6\/3 ~10.4 agrees with the answer to part (a), and
its value is the same as the maximum value found in
part (b), as expected.

Changing the value of k changes the maximum
stiffness, but not the dimensions of the stiffest beam.
The graphs for different values of k look the same
except that the vertical scale is different.

39. (@) v(t)=s"(t)=—10zmsinmt
The speed at time ¢ is 107c|sin m]. The maximum speed

is 10z cm/sec and it occurs at t=%, t=%, t=%, and

7 . . .
t= Esec The position at these times is s =0 cm
(rest position), and the acceleration a(¢)=v'(t) =
~107% cosmt is O cm/sec® at these times.

(b) Since a(t) =-107m2cosxt, the greatest magnitude of
the acceleration occurs at =0, t=1, =2, t=3,
and ¢ = 4. At these times, the position of the cart is
either s =—10cmors=10cm, and the speed of the cart
is 0 cm/sec.

40. Since % = —2sint + 2 cost, the largest magnitude of the

current occurs when -2 sint+2 cos =0, or sinf =cos £.

Squaring both sides gives sin? = cos® ¢, and we know that

. . 1 .
sin®t+cos?f=1, so sin’¢=cos?s= 5 Thus the possible

41.

42
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values of ¢ are %, 3—71-, %r, and so on. Eliminating

extraneous solutions, the solutions of sin¢ = cost are

t= %+ kr for integers k, and at these times

li| =|2cos s+ 2sint| = 2+/2. The peak current is 242 amps.
The square of the distance is

2
D(x):(x—%) +(\/;—0)2 =x2—2x+%,

so D’(x)=2x—2 and the critical point occurs at x = 1.
Since D’(x) <0 for x <Tand D’(x)>0 for x > 1, the critical

point corresponds to the minimum distance. The minimum

distance is /D(1 :g.

. Calculus method:

The square of the distance from the point (1, \/_3_ ) to

(x,V16—x?) is given by
D)= (x—~1)? + (V16— x> —+/3)?

=x2=2x+1+16—x2 = 24/48-3x% +3
=-2x+20—2v48—3x2. Then

2
2448 - 3x>

Solving D’(x) =0, we have:

6x

Jag—3x?

D'(x)=-2- (—6x)=-2+

6x = 2448 -3x>
36x% = 4(48—3x2)
9x? =48-3x"
12x2 =48
x=%2

We discard x = —2 as an extraneous solution, leaving x = 2.
Since D’(x)<0for —4 <x <2 and D’(x)>0 for 2<x <4,

the critical point corresponds to the minimum distance. The
minimum distance is y/D(2) = 2. :

Geometry method:
The semicircle is centered at the origin and has radius 4.

istance from the origin to (Lv3) is Y2+ =2
The shortest distance from the point to the semicircle is the

distance along the radius containing the point (1,\/3 ). That
distance is4 -2 =2,
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43. No. Since f(x) is a quadratic function and the coefficient

of x? is positive, it has an absolute minimum at the point
where f'(x)=2x-1=0, and the point is (%, %)

44. (a) Because f(x) is periodic with period 27.

(b) No. Since f(x) is continuous on [0, 27), its absolute

minimum occurs at a critical point or endpoint.
Find the critical points in [0, 27]:

f/(x)=—-4sinx—2sin2x= 0

—4sinx—4sinxcosx = 0
—4@inx)(1+cosx) = 0
sinx = Qorcosx=-1
x = 0,721

The critical points (and endpoints) are (0, 8), (x,0),
and (27, 8). Thus, f(x) has an absolute minimum at
(,0) and it is never negative.
45. (a) 2sint = sin2t
2sint = 2sinfcost
2(sint)1—cost) = 0
sint = Qorcost=1

It

t = km, where k is an integer
The masses pass each other whenever ¢ is an integer
multiple of 7 seconds.

(b) The vertical distance between the objects is the absolute
value of f(x)=sin2¢—2sint.
Find the critical points in [0, 27]:

46. (a) sint=sin(t+§)

. . T . T
smt= smtcos§+costsm§

. 1. 3
sint = —sint+——cost
2 2

1. 3
—sint = ——cost
2

2
tant =+/3

. . n
Solving for ¢, the particles meet at ¢ = 3 sec and at

ar
t=— sec.
3

(b) The distance between the particles is the absolute value
of f(£) = sin(t+ %J —sint = %ccst - %sint. Find the

critical points in [0, 27]:

ffo= —%sint—%cost =0
B
——=sint = —cost
2 2
1
tant=——=
3

The solutions are f = -5—6£ and r= %, so the critical

points are at (%T, - 1) and [%, 1], and the interval

f/(x)=2cos2t—2cost = 0
2(2cos*t—~1)—2cost = 0
22cos?t—cosi—1) = 0 endpoints are at | 0, g , and | 27, g . The particles
2(2cost+1)Xcost—1) = O
S5 1z
cost = —%orcost -1 are farthest apart at f= 5 e and at = 5 5 and
' A 0.2 the maximum distance between the particles is 1 m.
t=— y T U, 24T
3°3 (c) We need to maximize f’(z), so we solve f”(f)=0.
The critical points (and endpoints) are (0, 0), \/3 1
f(t)=——cost+—sint =0
2_71:,_& , 4_77,& ,and (27,0) 2 2
3 2 372 1 3
—sinf =——cosf
2 2

. . 2r
The distance is greatest when ¢ = EY sec and when

i . . . 33
t= ? sec. The distance at those times is T meters.

This is the same equation we solved in part (a), so the
. b3 4
solutions are ¢ = gsec and t= ?sec

For the function y= f(¢), the critical points occur at

[%, - IJ and (4?”, 1], and the interval endpoints are



46. Continued

Thus,

. .. 4r
f'(t)| is maximized at ¢ = % and t = 3 But
these are the instants when the particles pass each other,
so the graph of y= | f (t)| has corners at these points
and %| f (t)| is undefined at these instants. We cannot

say that the distance is changing the fastest at any
particular instant, but we can say that near

T 4r . . .
t= 3 ort= Y the distance is changing faster than at
any other time in the interval.

47. The trapezoid has height (cos @)t and the trapezoid bases

measure 1 ft and (1+ 2sin6)ft, so the volume is given by
V(6)= %(cose)(1+1+ 2sin6)(20)

=20(cos0)(1+sin8).
Find the critical points for 0 <6 < % :

V’(8) = 20(cos 0) (cos 8) + 20(1 + sinB) (—sin§) = 0

20cos? 6 —20sin6~20sin’ 9 =0
20(1—sin? 6)—20sin6— 20sin> G =0
—20(2sin* @ +sin@—1=0
—20(2sin6—-1)(in0+1) =0

1
sin@=— orsinf = —1
2 T SIn
==
6
The critical point is at (%, 15\/3 ] Since
V'(0)>Ofor0s9<% and V’(6) <0 for%<9<§, the

critical point corresponds to the maximum possible trough

. .. n
volume. The volume is maximized when 6 = g

48.(a) D c

=

A P B

Sketch segment RS as shown, and let y be the length of
segment QR. Note that PB = 8.5 —x, and so

OB = \/xz —(85-x)> =4/8.5(2x-8.5).

49, Since R=M2(—— )z_
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Also note that triangles QRS and PQB are similar.
R _PQ
RS - OB
Y _ x
85 [8.5(2x-8.5)
2 2
@2
8.5° 8.52x-8.5)
2 8.5x2
Ty
F=x>+ y2
L2 - xz + 8.5x2
2x—8.5
e x%(2x—8.5)+8.5x>
2x—8.5
L2 — 2x3
2x—8.5
2 2X3 .
(b) Note that x >4.25, andlet f(x)=L"= . Since
2x-8.5
y <11, the approximate domain of fis 520 <x <8.5.
Then
Fy= 3o 8.5X6x%) - (2x°X2) _ x*(8x-51)
(2x—8.5)% (2x-8.5)?
For x>5.20, the critical point occurs at

51

X 3 =6.3751n., and this corresponds to a minimum

value of f(x) because f'(x) <0 for 5.20 < x <6.375

and f’(x) > 0 forx > 6.375. Therefore, the value of x

that minimizes I? isx = 6.375 in.

3
(¢) The minimum value of L is M ~11.04
2(6.375)—-8.5

c_M CM2—1M3, we have
2 3 2 3
W=CM—M .Letf(M)=CM - M*. Then

f/(M)=C-2M, and the critical point for f occurs at

=— i ximum because

in.

(M) >0 forM <% and f'(M) <0 forM>—§. The value

of M that maximizes d—R isM= g
aMm 2
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50. The profit is given by
P(x)=(n)(x—c¢) = a+b(100-x)(x-c)
= —bx* +(100+¢)bx + (a—100bc).
Then P’(x)=-2bx+(100+c)b
=b(100+c—2x).
100+c¢

.. . c .
The critical point occurs at x = =50+ 5’ and this

value corresponds to the maximum profit because

P'(x)>0 forx <50+% and P’(x) < 0 forx >50+%.

A selling price of 50 +§ will bring the maximum profit.

51. True. This is guaranteed by the Extreme Value Theorem
(Section 4.1).

52. False. For example, consider f(x)= 2 ate=0.

53.D. f(x)=x%(60-x)

F(x)= x> (=) + (60~ x)(2x)
=—x? +120x—2x>
=-3x2+120x
=-3x(x—-40)

x=0 or x=40
60— x =60 60— x =20
x2(60-x)=0
(40)%(20) = (1600) (20)
=32,000

54. B. Since f’(x) is negative, f(x) is always decreasing, so
f(@25)=3.

55.B. A=-Loh
2
b*+h* =100

b=+100-#?

Azg\/IOO—hZ
V100- 42 n?

57.

Normal

Let P be the foot of the perpendicular from A to the mirror,
and Q be the foot of the perpendicular from B to the mirror.
Suppose the light strikes the mirror at point R on the way
from A to B. Let:

a = distance from A to P

b = distance from B to Q

¢ = distance from P to Q

x = distance from P to R
To minimize the time is to minimize the total distance the
light travels going from A to B. The total distance is

D) =x? +a? +J(c—x)? + b
Then

1
Wic-x)? +5°
_x c—x
\/x2 +a* \/(c—x)2 +b?
Solving D’(x)=0 gives the equation

D'(x)= 2x)+ [-2(c—x)}

2\/x2 +a?

X _ c—x
\/x2 +a? \/(c—x)2 +b?
Equation 1. Squaring both sides, we have:
x? (e~ x)2
¥ +a® (c-x)*+b?
[ (=040 |= (-2 +a?)
x2 (c— x)2 +x20% = (c— x)2x2 +(c— x)2a2
X2t = (c— x)2 a*
b= [c2 —2xc+ x? :Ia2
0=(a® - b*)x* = 2a*cx + a’c?
O=[a+b)x—ac](a-b)x—ac}]

which we will refer to as

A= - ac
2 2\/100—h2 =va+b orx=a_b
=0 phenh =430 Note that the value x ac is an extraneous solution
2 =
b=4100-+/50" =50 a-
A= %\/56@ =25 because c—x=c— acb = :f-ll, s0 x and ¢ — x could not
a— a-—

56. E. length = 2x
height =30-x2 —4x? =30—-5x>
area=A =2x(30-5x%)=60x—10x>
54(60x— 10x%) = 60— 30x2
dx

x=+2
2\/5(30—5(\/5)2):40«/5.

both be positive. The only critical point occurs at x = 5
a+



57. Continued

To verify that critical point represents the minimum

distance, notice that D is differentiable for all x in [0, ¢]

with a single critical point in the interior of the inverval.
—c

Since D’(0)= ——=—=—==<0, D must be decreasing from 0
2, 12
c“+b
c
to the critical point, and since D’(¢)=————=>0, D
Ve +b?

must be increasing from the critical point to c.
‘We now know that D(x) is minimized when Equation 1 is

true, or, equivalently, PR = % This means that the two
AR BR

right triangles APR and BOR are similar, which in turn
implies that the two angles must be equal.

58, ¥ - ta— 2k
dx
- . ka a .
The critical point occurs at x = % = 3 which represents a

2

. dv L .
maximum value because = —2k, which is negative for
dx

all x. The maximum value of v is

2 2
kax—ke =ka| & |-k & | =KaZ
2) "2) 4

59.(a) v= cror2 —cr®

il = 2cryr — 3er’ =cr (2ry —3r)
»

2r,
The critical point occurs at r = TO. (Note thatr =0 is

not in the domain of v.) The critical point represents a
. d*v .
maximum because F = 2cty —6c¢r = 2¢(r, —3r), which
r

. . 2r
is negative when r = TO.

(b) We graphv=(0.5- r)r2, and observe that the

maximum indeed occurs at v = (%]0.5 = l
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60. (a) Since A’ (¢) = —kmq_2 + %, the critical point occurs

when @2 = g, org= ,f% This corresponds to the
q

minimum value of A(g) because A”(q) = 2kmg°, which
is positive for g > 0.
(b) The new formula for average weekly cost is

B(q)=w+cm+_}ﬁ
q

=—k1n—+bm+cm+ﬁ2g

q
= A(q)+bm

Since B(q) differs from A(g) by a constant, the
minimum value of B(g) will occur at the same g-value
as the minimum value of A(g) . The most economical

.. . 2km
quantity is again ,/T

61. The profit is given by
px)=r(x)—cx)
=6x— (x> —6x2 +15x)
=—x>+6x% —9x, forx 2 0.

Then p’(x) = —3x% +12x —9 = ~3(x —~ 1) (x — 3), so the critical
points occur at x =1 and x = 3. Since p’(x) <0 for
0<x<1,p’(x)>0 for 1< x<3,and p’(x) < 0 for x > 3, the
relative maxima occur at the endpoint x =0 and at the
critical point x = 3. Since p(0) = p(3) = 0, this means that
for x 2 0, the function p(x) has its absolute

maximum value at the points (0, 0) and (3, 0). This result
can also be obtained graphically, as shown.

3%

Haxinsura
A=X ¥=0

[0, 5] by [-8, 2]

62. The average cost is given by

a(x)= @ = x? = 20x + 20, 000. Therefore,
x

7N

[0, 0.5] by [—0.01, 0.03]

a’(x)=2x—20 and the critical value is x =10, which
represents the minimum because a” (x) = 2, which is

positive for all x. The average cost is minimized at a
production level of 10 items.
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63. (a) According to the graph, y’(0)=0.
(b) According to the graph, y'(-L)=0.
(¢) y(0)=0, so d=0.
Now y’(x) = 3ax? +2bx +c, 50 ¥’ (0) = 0 implies that
¢ =0. Therefore, y(x) = ax> +bx? and
¥’ (%) = 3ax? + 2bx. Then y(~L) = —al> + bI[* = H and
y'(-L)= 3aI? - 2bL =0, so we have two linear

equations in the two unknowns a and b. The second

equation gives b = %. Substituting into the first

equation, we have —al®+ &ITL =H,or

3

aL’ =H,soa= 22. Therefore, b = 3—11—1— and the
2 o 2

equation for y

H
isy(x)= 2£1g—x3 +3—2x2, or
L L

Y(x)=H[2(%j3 +3(%ﬂ.

64. (a) The base radius of the cone isr = Zra—x and so the
2
heightis h=+a®-r% = - ( 2ma- x) . Therefore,

T 7w 2ma—x 2 2ra—x ’
V) =Zrth== a* - .
3 3 27 2
(b) To simplify the calculations, we shall consider the
volume as a function of r:

.. . 24° .
The critical point occurs when P2 = T, which

givesr = a\/: = i . Then

h=+a?-r? —&Z—— ,, — Usmg
3

O]
3 3
we may now find the values of r and 4 for the given

values of a
46 , 43

whena=4: r—— h= 3

sf 53,

whena=5:r=—h= ;
3 3

whena=6:r=2\/_ h=2\/§;

8J6 . 8V3

whena=8:r=——-h=
3 3

a6 a3

(c) Sincer = T andh= = the relationship is % = \/5

65. (a) Let x, represent the fixed value of x at point P, so that P
has coordinates (x,, a) and let m =f* (x,) be the
slope of line RT. Then the equation of line RT is
y =m(x — xg)+a. The y-intercept of this line
is m(0—x,)+a=a—mx,, and the x-intercept is the

. mx,—a

solution of m(x —x,)+a=0,0orx= LetO
m

designate the origin. Then (Area of triangle RST)

=2 (Area of triangle ORT)

=2 % (x-intercept of line RT) (y-intercept of line RT)

1{ mx,—a
volume=f(r)=§r2\/a2—r2,whereO<r<a. =2'_[ 2 ](a mx,)
f’(r)=§~5—(r2\/a2~r2) m(mx"_a](mx"_aj
r
L I D N 2
_3’; " az_r (21 +@Wa" -r )(2r)-| m(mxo a}
L v \m
2

ﬂ:{—r +2r(a® —r )} [(Za r—3r )}
) 3 \/02—7'2 \/a
_ ar2a® -3r%)

3Wa? - r?

=l

Substituting x for x,, f*(x) for m, and f (x) for a, we

@) ]2_

have A(x) = —f’(x)[x - 700



65. Continued
(b) The domain is the open interval (0, 10).

’ 2
x
T h, let y, = =5+5/1-—,
o graph, let y, = f(x) 100

¥, = £'(x) = NDER (y,), and

2
¥y =Ax)=~y, (x——}%—J .
y

The graph of the area function y; = A(x) is shown
below.

[0, 10] by [-100, 1000]

The vertical asymptotes at x-= 0 and x = 10 correspond
to horizontal or vertical tangent lines, which do not
form triangles.

(¢) Using our expression for the y-intercept of the tangent
line, the height of the triangle is

a—mx=f(x)=- f'(x)ex

=5t loo—x?—o— X,
2 24100 - x2
=5+%\/100—x2 +

¥2
24100 - x*

We may use graphing methods or the analytic method in
part (d) to find that the minimum value of A(x) occurs at
x =8.66. Substituting this value into the expression
above, the height of the triangle is 15. This is 3 times
the y-coordinate of the center of the ellipse.

(d) Part (a) remains unchanged. The domain is (0, C). To
graph, note that

2
f(x)=B+B 1—% =B+g\/C2—x2 and
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N

r 2
U Bx2+(BC+B\/C2—xz)(\/Cz—xz)}
BCxVC? -2 L

r 2
! Bx* +BC cz—x2+B(c2—x2]

) BCxJC? -2 L

1 r 2
=— | BC(C+NC?—x* )]
BCxNC?-x*L

_ BC(C+NC? —5*)?
x\/C2 —x*

Al(x)= (x\/ C*—xH)R)C+NC?—x? )[%J -
—X

(CH+NC? =X )Z(x\/7"—x—2+\/c2 —x (1)]
—X

#(C? - x%)

[ 2,2 —(C+NC*=x%)

2
Bx {x_(BC+B\/C2—x2)\/C2—x2}
—~Bx

BC.

_ BC(C+NC?*-x%)

2
x2(Cr=x%) = o2
i Vet -x?
I 2 2 sz 1
BC(CH+NCE—x¥)| 72X+ 55—
=Ty ) C?—x

. /CZ 2
=BC(C+\/C2—x2)

x2(C2—x2)

|-C c?-x? +x2—(C2—x2)_

2
N oo

\/C2—x2

[2_ 2\
_BCrve —x) CxZ—C(Cz—xZ)—C2\/C2—x2]

TR

BCHC+NC?~x*
= xz((cz—xz)” )(2x2—C2—C\/C2—x2)

To find the critical points for 0 < x < C, we solve:

- B 1 —-Bx
fxy=— (2x)= . 2x2-C?=CJC* - X*
¢ 2\/Cz a C\/CZ -’ 4 2.9, b pd 22
‘Therefore, we have dr—4Cx+C=C—C
2 4 2.2
4x" -3C*x" =0
A(x)=—f’(x)[x—&] S
'™ (42 -3C1)=0

2

B+§\/C2—x2

Bx
x—

C\/C2—x2 —Bx
CVC? - x?
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65. Continued
The minimum value of A(x) for 0 < x < C occurs at the

2
critical point x = CT\/E, orx’= 3% The corresponding

triangle height is
a—mx= f(x)- f(x)+x

2
=B+§\/C2—x2 R S

CVC? —x?
2
e
A o O R S
¢ 4 C C2——§£-2—
4
3BC?
-p+B[E) 4
c\2 c?
‘ 2
—p+3,38
2 2
=3B

This shows that the triangle has minimum area when its
height is 3B.

Section 4.5 Linerization and Newton's
Method (pp. 233-245)

Exploration 1 Appreciating Local Linearity

1. The graph appears to have either a cusp or a corner at (0, 1).

“-\.\/,.‘-"

y=(x*+0.0001)" +0.9

X

1 —3/4
2. f'(x)= —(x2 + 0.0001) 2 [ P —
4 Y+ 0.0001)3

Since f7(0)=0, the tangent line at (0, 1) has equation y = 1.

Quick Review 4.5

1. %=cos (x2+1) » %(x2+1)

=2xc0s (Jc2 +1)

dy _ (x+1)(1-sinx)~ (x +cosx)(1)

2.
dx (x+1)?
_x—xsinx+1-sinx—x—cosx
(x+1)?
_1-cosx~(x+1)sinx
(x+1)?
3.

Esrans w0
{-2,6] by [~3,3]
x =—0.567

Ty

2R¥Fa
f=-322im5Y v=0

[—4, 4] by [-10, 10]
x=-0.322

5 () =) (e )+ e ) D=e* ~xe*

=1
The lines passes through (0, 1) and has slope 1. Its equation
isy=x+1.

6. f/(x)=(xX~e )+ D)= —xe*
fi-D=e' - (-e)=2e
The lines passes through (-1, —e +1) and has slope 2e.
Its equation is y =2e(x+ 1)+ (—e+1), ory=2ex+e+1.
7.(@) x+1=0
x=-1

(b) 2ex+e+1=0

Dex—= /n_L1)

3. The “corner” becomes smooth and the graph straightens
out.

4. As with any differentiable curve, the graph comes to
resemble the tangent line.

Exploration 2 Using Newton’s Method on
Your Calculator

See text page 237.
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