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4. W'(x)=e** o 9 =2
dx

5. Graph (c), since this is the only graph that has positive
slope at c.

6. Graph (b), since this is the only graph that represents a
differentiable function at @ and b and has negative
slope at c.

7. Graph (d), since this is the only graph representing a
function that is differentiable at b but not at a.

8. Graph (a), since this is the only graph that represents a
function that is not differentiable at a or b.

9. Asx—3", V9—x* — 0*. Therefore, lim_ f(x)= oo.
x—3"

10. Asx —3*, J9—x2 — 0*. Therefore, lim f(x)=co.
x>

11. (a) %(f —2x)=3x2=2

FrH=31%-2=1

(b) ?j—)c—(x +2)=1
FHOED!
(c¢) Left-hand derivative:
3
lim fQ+h)—f(2) - Lim [Q+h)Y -22+h)]-4

h—0~ h h—0~ h
3 2
= fim PEORTHIOR (2 4 6h+10)
h—0" h h—0~
=10

Right-hand derivative:
lim fe+mn-12) = lim [2+h)+2]-4
h—0+ h ho0t h

= lim ﬁ= lim 1
h=0t B hoOt
=1

Since the left-and right-hand derivatives are not equal,
f’(2) is undefined.

12. (a) The domain is x # 2. (See the solution for 11.(c)).

oy e |32 =2, x<2
AN d

6.

10.

11

12.

13.

Maximum at x = ¢, minimum at x = b;
The Extreme Value Theorem applies because f is continuous
on [a, b], so both the maximum and minimum exist,

. Maximum at x = ¢, no minimum;

The Extreme Value Theorem does not apply, because the
function is not defined on a closed interval.

. No maximum, no minimum,;

The Extreme Value Theorem does not apply, because the
function is not continuous or defined on a closed interval.

. Maximum at x = ¢, minimum at x = g;

The Extreme Value Theorem does not apply, because the
function is not continuous.

Maximum at x = g, minimum at x = c;
The Extreme Value Theorem does not apply since the
function is not continuous.

1 1
The first derivative f/(x) = ——t+—-hasazeroatx=1.
X X

Critical point value: f(I)=1+1Inl=1
Endpoint values: £(0.5)=2+1n0.5=1.307

f(4)=%+1n4=1.636

Maximum value is %+ In4 at x =4,

minimum value is 1 at x =1;
local maximum at (% ,2—In 2]

The first derivative g’(x) =—e * has no zeros, so we need
only consider the endpoints.

gy=ct=t
[4

Maximum value is e at x = —1;

g-D=eP=e

.. L1
minimum value is —at x = 1.
e

. . 1
The first derivative h’(x) = P has no zeros, so we need
x+

only consider the endpoints.

MO =In1=0 ()Y =In4
i) H=0U A =14

F2) 1L x>2

Section 4.1 Exercises
1. Minima at (-2, 0) and (2, 0), maximum at (0, 2)

2. Local minimum at (-1, 0), local maximum at (1, 0)

3. Maximum at (0, 5) Note that there is no minimum since the

endpoint (2, 0) is excluded from the graph.

4, Local maximum at (-3, 0), local minimum at (2, 0),
maximum at (1, 2), minimum at (0, —1)

5. Maximum at x = b, minimum at x = ¢, ;

The Extreme Value Theorem applies because f is continuous

on [a, b], so both the maximum and minimum exist.

14.

Maximum valueis In4 at x =3;
minimum value is 0 at x = 0.

. L. _x2
The first derivative k’(x) = —2xe”* has a zero at x = 0.
Since the domain has no endpoints, any extreme value must

occur at x=0. Since k(0) = e_o2 =1and lirB k(x)=0, the
Xx—tco

maximum value is 1 at x = 0.

15. The first derivative f'(x) = cos[x + -Z—:—), has zeros

atx =

, X=—,

4

Pk



15, Continued
Critical point values: x = % fx)=1
hY/4
xX= x)=-1
4 f(x)
. 1
Endpoint values: x=0 fx)= _2
L
xX=— x)= 0
1 f(x)
. . T
Maximum value is 1 at x = Z;
.. . hY/4
minimum value is -1 atx = T;

local minimum at {0, %J,

local maximum at [%, OJ
16. The first derivative g’(x) = sec x tan x has zeros

at x =0 and x = 7 and is undefined at x =

Since g(x) = sec x is also undefined at x = —, the critical

oY N

points occur only at x =0 and x = 7.

Critical point values: x=0 gx)=1
X=7 gx)=-1

Since the range of g(x) is (—ee, — 1JUI1, <o), these values

must be a local minimum and local maximum, respectively.

Local minimum at (0, 1); local maximum at (z, —1)

y - 2 5. .
17. The first derivative f'(x)=—=x %3 is never zero but is

5
undefined at x = 0.
Critical point value: x=0 fx)=0
Endpoint value: x=-3 fx)=(3*
=3"°=1.552

Since f(x) >0 for x # 0, the critical point at x =0 is a local
minimum, and since f(x)<(-3)%5 for -3 < x < 1, the
endpoint value at x =73 is a global maximum.

19.

20.

21.

22.
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Hinimum
H3Z

L =1
[—2, 6] by [~2,4]
Minimum value is 1 at x = 2.

N

K=~ 164973 [v=r.onmgs21
[—6, 61by [~2,7]

To find the exact values, note that y’ = 3x% - 2, which is

,2 .
zero when x =+ 5 Local maximum at
3 b

V2, 46

N2 4~_9_J ~(0.816, 2.911)

2 4+ #J = (~0.816, 5.089); local minimum at

3
Wnmum 7
%=1,3333333 ly=-161p818

[-6, 6] by [—5, 20]
To find the exact values, note that y’ = 3x2 +2x-8=

(3x—4)(x+2), which is zero when x=-2o0rx= % Local
. .. 4 41
maximum at (-2, 17); local minimum at 5, - E

[~6, 6] by [-4,4]

Note that y’ = 3x2 —6x + 3 =3(x—1)2, which is zero at

Maximum value is 3 %> at x = -3;
minimum value is 0 at x = 0.

18. The first derivative f’(x) = %x"w 3 is never zero but is

undefined at x = 0.

Critical point value: x=0 f(x)=0

Endpoint value:  x=3  f(x)=3¥5=1.933
Since f(x) < 0 for x < 0 and f(x) > 0 for x > 0, the critical
point is not a local minimum or maximum. The maximum
value is 3¥%at x = 3.

23.

x=1. The graph shows that the function assumes lower
values to the left and higher values to the right of this point,
so the function has no local or global extreme values.

ANV

[~4,41by [-2,4]

Minimum value is 0 at x =—1 and at x = 1.
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24.

25.

26.

27.

28.

AN

Haximum
=0 75 -4

[—4.7,47 by [-3.1,3.1]

To confirm that there are no “hidden” extrema, note that

' Y2 () = 2
Yo en=

and is undefined only where y is undefined. There is a local

maximum at (0, -1).

Hinimupy~—-t
L St Y

[—1.5,1.5)by [—0.5, 3]

The minimum value is 1 at x =0.
Hinimum

#=0 =1
[—4.7, 47} by [-3.1,3.1]

The actual graph of the function has asymptotes at x = +1,
so there are no extrema near these values. (This is an
example of grapher failure.) There is a local minimum

at (0, 1).

AN

4=1 it 3
[-4.7,471 by [-3.1,3.1]

Maximum valueis 2 at x = 1;
minimum value is 0 at x = -1 and at x = 3.

p

K3

Hinimue
431 Y265

[—4, 41 by [—80, 30)

5 Which is zero only atx =0

30. f\\\&-—

Ninipum
R=-2 -5

[—5,5]1by [-0.8, 0.6]

. 1
Maximum value is 5 atx =0;

.. N |
minimum value is —5 atx =-2.

N4

[~6, 6] by [0, 12]

31.

Maximum value is 11 at x = 5;
minimum value is 5 on the interval [-3, 2];
local maximum at (-5, 9)

o
L/

[-3,8] by [-5,5]

32.

Maximum value is 4 on the interval [5, 7;
minimum value is -4 on the interval [-2, 1].

33. | /-—-
/|

[~6, 6] by [~6, 6]

Maximum value is 5 on the interval [3, oo);
minimum value is —5 on the interval (—oo, —2].

L/

[—6, 6] by [0,9]

29.

115
Minimum value is —% atx=-3;
local maximum at (0, 10);

local minimum at (1, %)

;;;.}J
el ¥, 5

[-5, 5] by [-0.7, 0.7]

. L1
Maximum value is —2~ atx=1,

.. .1
minimum value is —5 atx =-1.

_ N ca T e 15 1 21
Minimum-value-is4-onthe-interval=1;31

35. L /

Raxivum
H=~B

¥=1.0341287
[-4,4]by [-3,3]

Sx+4

33x

y'=x2/3(1)+§x_1/3(x+2) =
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35. Continued crit. pt. derivative | extremum value
crit. pt. Derivative | extremum value x=0 0 minimum 0
12
x= —-i 0 local max —101/3 =1.034 x= 2 0 local max _Iﬁlslﬂ =4.462
5 25 5 125
x=0 undefined local min 0 x=3 undefined minimum 0
36. \ / 39. \
[=4,41by [-3,3] [—4.7, 4.7) by [0, 6.2]
2 8x> -8
r_ 23 ~13,.2 _ -2, x<l1
Y =xR2)+-x " (x"-4)= ’_ ,
3 x YEU, x>l
crit. pt. derivative | extremum | value crit. pt. | derivative | extremum | value
x=-1 0 minimum -3 x=1 ‘ undefined | minimum | 2
x=0 undefined local max 0 40.
x=1 0 minumum -3 \
37. /‘\
1
[—4,4]1by [-1, 6]
P iass lvez P x<0
[~2.35, 2.35] by [-3.5, 3.5] Y 2-2x, x>0
y=xe 1 - (=2x) + (I /4_ %2 crit. pt. t derivative | extremum ’ value
2N4-x x=0 undefined local min 3
2+ (d-xY) _ 4-2x°
= = > x=1 0 local max 4
Va—x®  a-x
41.
crit. pt. derivative extremum value
x==2 undefined local max 0 /\ \/\
x= _\/E 0 minimum -2 f ‘1‘
x=+2 0 maximum 2 [-4, 6] by [-2,6]
x=2 undefined local min 0 ro 7222, x<l
[=2x+6, x>1
38.
crit. pt. | derivative extremum value
x=-1 0 maximum 5
Naximum x=1 undefined local min 1
#2204 ¥=h.4616768 ]
{~4.7,471 by [—1, 5] x=3 0 maximum 5
y=x2- ! =D+2x4/3-x

243—x

=2 +4x(3-x) _ -5x*+12x
2W3-x 243-x
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42,

Hinimum \j
H=2.4B4689  Y=-3,078204

{~4, 61 by [-5, 5]
We begin by determining whether f’(x) is defined at

x =1, where
1, 1 15
——x"—=x+—, <1
f@={"4" 2774 7
x3—6x2+8x, x>1

Left-hand derivative:

1 2 1 15
L S Lo L oA N

h—0~ h =0~ h
- 2 .
i 4R
n—0— 4h
= lim l(—11—4)
r—0-4
=-1
Right-hand derivative:
im LAtA-fD)
h—0t h
- i (1+h)® -6(1+h)? +8(1+h)-3
h—0t h
B3 —3h* —h
= im -———-
h—0t h
= lim (h*=3h-1)
h—0t
=-1
1 1

——x—— <
Thus f'(x)={ 27 2’ x=<l

3x7—12x+8, x>1
1 1
Note that——z—x—5= 0 when x =—1, and

1244/122 - 4(3)8)

2(3)

3x%—12x+8 =0 when x =

_lxag_, 23
6 T3

(b) The largest possible volume of the box is 144 cubic
units, and it occurs when x = 2.
4. (a) P'(x)=2-200x2

The only critical point in the interval (0, o) is at x = 10.
The minimum value of P(x) is 40 at x = 10.

(b) The smallest possible perimeter of the rectangle is
40 units and it occurs at x = 10, which makes the
rectangle a 10 by 10 square.

45. False. For example, the maximum could occur at a corner,
where f’(c) would not exist.

46. False. Consider the graph below.

.

N

47.E. i"—(4x—x2+6)=4—2x
dx

4-2x=0
x=2
FQ)=42)~ (22 +6=10

48. E. See Theorem 2.
49.B. i(x3 —6x+5)=3x*~6
dx

3x2-6=0
x=ix/§

50. B.

51. (a) No, since f'(x) = %(x —2)"3, which is undefined
atx=2.

(b) The derivative is defined and nonzero for all x # 2.
Also, f(2)=0 and f(x) >0 forall x # 2.

N,

-
243

But 2- Y = (.845 < 1, so the only critical points occur at

23

x=-1 andx=2+Tz3.155.

crit. pt. | derivative | extremum | value
x=-1 0 local max 4
x=3.155 0 local min =-3.079

43. (a) V(x)=160x—52x% + 4x°
V’(x) =160 —104x +12x% = 4(x — 2) 3x — 20)

The only critical point in the interval (0, 5) is at x = 2.
The maximum value of V(x) is 144 at x=2.

52, Note that f(x) = {

(C) 1“1,f(.4) need-not hav&erglobakmazximum because-its
domain is all real numbers. Any restriction of fto a
closed interval of the form [a, b] would have both a
maximum value and a minimum value on the interval.

(d) The answers are the same as (a) and (b) with 2 replaced
by a.

—x°+9x, x<-30r0<x<3

x3—9x, —3<x<0orx=3.

-3x2+9, x<-3o0or0<x<3

Therefore, f’(x)=
r® {3x2—9, -3<x<0orx>3.

(a) No, since the left- and right-hand derivatives at x = 0 are
-9 and 9, respectively.



52. Continued

(b) No, since the left- and right-hand derivatives at x = 3 are
—-18 and 18, respectively.

(c) No, since the left- and right-hand derivatives at x = -3
are —18 and 18, respectively.

(d) The critical points occur when
fl(x)=0(tx =% \/5) and when f’(x) is undefined (at
x =0 or x = £3). The minimum value is 0 at x =-3, at
x =0, and at x = 3; local maxima occur at

(=3, 63) and (3, 6+/3).

53.(@) f'(x)= 3ax? +2bx+cisa quadratic, so it can have
0, 1, or 2 zeros, which would be the critical points of f.
Examples:

/
/

[-3, 3] by [-5, 5]

The function f(x)= x> —3x has two critical points at
x=—land x=1.

/

mry

Ve

{-3, 3} by [-5, 5]

The function f(x)= x° —1 has one critical point at x = 0.

/
e

[-3, 3] by [-5, 5]

The function f(x) = x® + x has no critical points.
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(d) Assuming that f’(c) exists, the one-sided limits in
(b) and (c) above must exist and be equal. Since one is

nonpositive and one is nonnegative, the only possible
common value is 0.

(e) There will be an open interval containing ¢ where
f(x) = f(c) 2 0. The difference quotient for the left-hand
derivative will have to be negative (or zero), and the
difference quotient for the right-hand derivative will
have to be positive (or zero). Taking the limit, the left-
hand derivative will be nonpositive, and the right-hand
derivative will be nonnegative. Therefore, the only
possible value for f’(c)is O.

55. (a)

[-0.1,0.6] by [-1.5, 1.5]

f(0)=0is not a local extreme value because in any
open interval containing x = 0, there are infinitely many
points where f(x) = 1 and where f(x)=-1.

(b) One possible answer, on the interval [0, 1]:

1
1-—x)cos—, 0<x<l1
floy={dmneosy— *
0, x=1
This function has no local extreme value at x = 1. Note

that it is continuous on [0, 1].

Section 4.2 Mean Value Theorem
(pp. 196-204)

Quick Review 4.2
1. 2x2-6<0
2x% <6
%2 <3
—f3<x< \/5

Interval: (—\/5 R \/5)

2. 3x*-6>0

(b) The function can have either two local extreme values
or no extreme values. (If there is only one critical point,
the cubic function has no extreme values.)

54. (a) By the definition of local maximum value, there is an
open interval containing ¢ where f(x) < f(c), so

f@x)—-f(e)=0.

(b) Because x — c¢*, we have (x — ¢) > 0, and the sign of the
quotient must be negative (or zero). This means the
limit is nonpositive.

(c) Because x — ¢, we have (x — ¢) < 0, and the sign of the

quotient must be positive (or zero). This means the limit
is nonnegative.

3% >6
xt>2
x<—2 orx> \/5
Intervals: (o0, —~/2) U(+/2, )

3. Domain: 8—2x% 20
8> 2x?
4> 52
—2<xL2
The domain is [-2, 2].

4. f is continuous for all x in the domain, or, in the interval
(-2, 2].



